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A MEMOIR ON CUBIC SURFACES. 


[From the Philosophical Transactions of the Royal Society of London, vol, CLIX. (for the 
p y y » 
year 1869), pp. 231—326. Received November 12, 1868, —Read January 14, 1869.] 


THE present Memoir is based upon, and is in a measure supplementary to that 
by Professor Schläfli, “On the Distribution of Surfaces of the Third Order into Species, 
in reference to the presence or absence of Singular Points, and the reality of their 
Lines, Phil. Trans. vol. crim. (1863), pp. 193—241. But the object of the Memoir is 
different. I disregard altogether the ultimate division depending on the reality of the 
lines, attending only to the division into (twenty-two, or as I prefer to reckon it) 
twenty-three cases depending on the nature of the singularities. And I attend to the 
question very much on account of the light to be obtained in reference to the theory 
of Reciprocal Surfaces. The memoir referred to furnishes in fact a store of materials 
for this purpose, inasmuch as it gives (partially or completely developed) the equations 
in plane-coordinates of the several cases of cubic surfaces, or, what is the same thing, 
the equations in point-coordinates of the several surfaces (orders 12 to 3) reciprocal 
to these respectively. I found by examination of the several cases, that an extension 
was required of Dr Salmon’s theory of Reciprocal Surfaces in order to make it 
applicable to the present subject; and the preceding “Memoir on the Theory of 
Reciprocal Surfaces,” [411], was written in connexion with these investigations on Cubic 
Surfaces. The latter part of the Memoir is divided into sections headed thus :— 
“Section I= 12, equation (X, Y, Z, Wy —0" dc. referring to the several cases of the 
cubie surface; but the paragraphs are numbered continuously throughout the Memoir. 


Article Nos. 1 to 13. The twenty-three Cases of Cubic Surfaces—Explanations and Table 
of Singularities. 
1. I designate as follows the twenty-three cases of cubic surfaces, adding to each 
of them its equation : 


Fnr uM (X, Y, Z, Wy 0, 
fr = 195540, W (a, b, c, f, g, ROX, Y, Zy - 2kXYZ - 0, 
ME tee, 2W (X +Y + Z) (IX +mY+n2)+2XYZ=0 
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WXZ + Y* (gZ L 8W) 4 (a, b, c, d X, 


V =12 — B, WXZ +(X + Z) (VY? —aX? — 62?) =0, 
VI =12-—B,-(C,, WXZ + Y*Z+(a, b, c, d X, Y?=0, 
VII =12-B,, WXZ+ Faz L YX?-2Z%=0, 

VIII =12— 30, Y*-- Y? (X - Z L W)+4aXZW =0, 
IX =12-—2B,, WXZ+(a, b, c, d$ X, Yy —0, 

X =12 — B, — C,, WXZ+(X +2Z)(Y?- X?)- 0, 

XI =12-B,, WXZ - Y'Z4-X:—2*-0, 

XII 212- U,, W(X-c-Y--Zy-XYZ-0, 

XIII -12—2,— 20€, WXZ+ Y*(X + Y+2%)=0, 

XIV :=12-B,-=0,, WXZ + FSS + YX?=0, 

XV =12-0,, WX*+ YES L Y:Z=0, 

XVI =12-A40C,, W(XY + XZ+YZ)4+ XYZ=0, 


XVII =12-2B;,- C,, 
XVIII —12 — B,- 2C,, 


WXZ+XY2+ Y*=0, 
WXZ+(X +2) Y?=0, 


XIX =12-B,-C., WXZ+Y2Z + X*=0, 
XX | =12- U,, WX?+XZ?+ Y? =0, 
XXI =12-8B,, WXZ+ Y*=0, 
XXIT 2:8, 8(, Ly WX? + ZY?=0, 


XXIILe./3, SED) 


X (WX + YZ)+Y*=0; 


[412 


Y y=0, 


2. Where C, denotes a conic-node diminishing the class by 2; B, B,, B, B, a 
biplanar node diminishing (as the case may be) the class by 3, 4, 5, or 6; and 
U,, U,, U, a uniplanar node diminishing (as the case may be) the class by 6, 7, or 8. 
The affixed explanation, which I shall usually retain in connexion with the Roman 
number, shows therefore in each case what the class is, and also the singularities which 
cause the reduction: thus XIII212— B,— 2C, indicates that there is a biplanar node, 
B, diminishing the class by 3, and two conic-nodes, C,, each diminishing the class 
by 2; and thus that the class is 12— 3 —2.2, —5. As regards the cases XXII and 
XXIII, these are surfaces having a nodal right line, and are consequently scrolls, each 
of the class 3, viz. XXII is the scroll S(1, 1) having a simple directrix right line 
distinct from the nodal line, and XXIII is the scroll S (1, 1) having a simple directrix 
right line coincident with the nodal line: see as to this my “Second Memoir on 
Skew Surfaces, otherwise Scrolls,” Phil. Trans. vol. CLIV. (1864), pp. 559—577, [340]. 


3. The nature of the points C,, B,, B,, Bs, Be, Us, Uz, Us requires to be explained. 


C(=C;,) is a conic-node, where, instead of the tangent plane, we have a proper 
quadrie cone. 


B(=B,, B,, B, or B,) is a biplanar-node, where the quadrie cone becomes a plane- 
pair (two distinct planes): the two planes are called the biplanes, and their line of 
intersection is the edge: 


In B, the edge is not a line on the surface—in the other cases it is; this 
implies that the surface is touched along the edge by a plane, viz in B,, B, the 
edge is torsal, in B, it is oscular: 
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In B,, the tangent plane is distinct from each of the biplanes : 

In B,, the tangent plane coincides with one of the biplanes; we have thus an 
ordinary biplane, and a torsal biplane: 

In B,, the tangent plane coinciding with one of the biplanes becomes oscular; we 
have thus an ordinary biplane, and an oscular biplane. 

U (=U,, U, or Us) is a uniplanar-node, where the quadric cone becomes a coincident 
plane-pair; say, the plane is the uniplane. It is to be observed that there is not in 
this case any edge. The uniplane meets the cubic surface in three lines, or say “ rays,” 
passing through the uniplanar-node, viz. 

In U, the rays are three distinct lines: 

In U,, two of them coincide : 

In U,, they all three coincide. 

4. To connect these singular points with the theory of the preceding Memoir, it 
is to be observed that they are respectively equivalent to a certain number of the 
enienodes C(— C,) and binodes B(= Db, viz. we have 


€ = GC, 
B= B, 
B, = 2C, 
B= C+ B, 
By = BO, 
R = 30, 
U, = 2C+ B, 
U, = C+2B. 


5. I take the opportunity of remarking that although the expressions cnicnode and 
binode properly refer to the simple singularities C and B, yet as C,— C, C, is properly 
spoken of as a cnicnode, and we may (using the term binode as an abbreviation for 
biplanar-node) speak of any of the singularities B,, B,, Bs, B, as a binode. Thus the 
surface X = 12— B,— C, has a binode B, and a cnicnode C,; although theoretically the 
binode B, is equivalent to two cnicnodes, and the surface belongs to those with three 
enienodes, or for which C=3. I use also the expression unode for shortness, instead 
of uniplanar-node, to denote any of the singularities U,, U,, Us. 


6. The foregoing equations (substantially the same as Schlafli’s) are Canonical 
forms; the reduction of the equation of any case of surface to the above form is not 
always obvious. It would appear that each equation is from its simplicity in the form 
best adapted to the separate discussion of the surface to which it belongs; there is the 
disadvantage that the equations do not always (when from the geometrical connexion of 
the surfaces they ought to do so) lead the one to the other; for instance, V — 12 — B, 
includes VII = 12 — B,, but we cannot from the equation WXZ + (X + Z((Y* —aX?— b7)=0 
of the former pass to the equation WXZ+ Y°Z + YX*— X*=0 of the latter. This would 
be a serious imperfection if the object were to form a theory of the quaternary 
function (X, Y, Z, Wy; but the equations are in the present Memoir used only as 
means to an end, the establishment of the geometrical theory of the surfaces to which 
they respectively belong, and the imperfection is not material. 

C. VI. 46 
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7. I have used the capital letters (X, Y, Z, W) in place of Schlafli’s (æ, y, z, w), 
reserving these in place of his (p, q, r, s) for plane-coordinates of the cubic surfaces, 
or (what is the same thing) point-coordinates of the reciprocal surfaces; but I have 
in several cases interchanged the coordinates (X, Y, Z, W) so that they do not in 
this order correspond to Schláfli's (x, y, z, w): this has been done so as to obtain a 
greater uniformity in the representation of the surfaces. To explain this, let A, B, C, D 
be the vertices of the tetrahedron formed by the coordinate planes A = YZW, B=ZWX, 
C=WXY, D=XYZ; the coordinate planes have been chosen so that determinate 
vertices of the tetrahedron shall correspond to determinate singularities of the surface. 


8. Consider first the surfaces which have no nodes B or U. It is clear that 
the nodes C, might have been taken at any vertices whatever of the tetrahedron; 
they are taken thus: there is always a node C, at D; when there is a second node C,, 
this is at C, the third one is at 4, and the fourth at B. 


9. Consider next the surfaces which have a binode B, B, B, or B; this is 
taken to be at D, and the biplanes to be X —0, Z=0(?) (the edge being therefore 
DB), viz. in B, or By, where the distinction arises, X — 0 is the ordinary biplane, 
Z=0 the torsal or (as the case may be) oscular biplane. If there is a second node, 
this of necessity lies in an ordinary biplane; it may be and is taken to be in the 
biplane X —0, at C. I suppose for a moment that this is a node C, It is only 
when the binode is B, or B, that there can be a third node, for it is only in these 
cases that there is a second ordinary biplane Z— 0; but in these cases respectively 
the third node, à C}, may be and is taken to be in the biplane Z = 0, at A. 

10. The only case of two binodes is when each is a B, Here the first is as 
above at D, its biplanes being X=0, Z=0; and the second is as above in the 
biplane X —0, at C; the biplanes thereof are then X —0 (which is thus a biplane 
common to the two binodes, or say a common biplane) and a remaining biplane which 
may be and is taken to be W=0. If there is a third node, this may be either 
C, or B;, but it will in either case lie in the biplane Z=0 of the first binode, and 
also in the biplane W — 0 of the second binode, that is, in the line BA; and it may 
be and is taken to be at A; if a binode, then its biplanes are of necessity Z=0, 
W —0; and the plane Y 20 will be the plane throügh the three binodes D, C, A. 

11. lf there is a unode, then this may be and is taken to be at D, and its 
uniplane may be taken to be X —0; in the surface XII =12— U, the uniplane is, 
however, taken to be X--Y--Z-0. There is never, besides the unode, any other 
node. 

12. The result is that the nodes, in the order of their speciality, are in the 
equations taken to be at D, C, A, B respectively; and that (except in the case 
III -12— B,) the biplanes of the first binode are X =0, Z=0 (for a binode B, or Bs, 
X —0 being the ordinary biplane, Z— 0 the special biplane), those of the second binode 
X=0, W=0, those of the third binode Z=0, W=0, and that (except in the case 
XII —12 — U,) the uniplane is X —0. For example, in the surface XVII 2 12— 2B, — C, 
as represented by its equation WXZ+ Y?Z+X*=0, we have a B, at D, the biplanes 
being X —0, Z=0, a B, at C, the biplanes being X =0, W=0 (therefore X =O. the 
common biplane), and a C, at A. 


1 In the case, however, of a single B}, IIT =12- B,, the biplanes are taken to be X-- Y--Z —0, IX+mY+nZ=0. 
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13. It will be convenient (anticipating the results of the investigations contained 
in the present Memoir) to give at once the following Table of Singularities; the 


several symbols have of course the significations explained in the former Memoir. 
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Article Nos. 14 to 19. Explanation in regard to the Determination of the Number of 
certain Singularities. 


14. In the several cases I to XXI, we have a cubic surface (n=3), with singular 
points C and B but without singular lines. The section by an arbitrary plane is thus 
a curve, order n=3, that is, a cubic curve, without nodes or cusps, and therefore of 
the class a'=6, having 6’=0 double tangents and «’=9 inflexions. The tangent cone 
with an arbitrary point as vertex is a cone of the order a=6, having in the case 
I=12, 8=0 nodal lines and «=6 cuspidal lines, but with (in the several other cases) 
C nodal lines and B cuspidal lines (or rather singular lines tantamount to C double 
lines and B cuspidal lines): the class of the cone, or order of the reciprocal surface, 
is thus n’ =6.5-2(0+0)-3(6+ B) 2 12— 2B — 3C. 


15. In the general case I= 12, there are on the cubic surface 27 lines, lying by 
3s in 45 planes; these 27 lines constitute the node-couple curve of the order 
p — 2", and the node-couple torse consists of the pencils of planes through these lines 
respectively, being thus of the class p"=b'=27; the 45 planes are triple tangent 
planes of the node-couple torse, which has thus /'— 45 triple tangent planes. But in 
the other cases it is only certain of the 27 lines, say the “facultative lines" (as will 
be explained) which constitute the node-couple curve of the order p': the pencils of 
planes through these lines constitute the node-couple torse of the class b’=p’; the $ 
planes, each containing three facultative lines, are the triple tangent planes of the 
node-couple torse. Or if (as is somewhat more convenient) we refer the numbers 
b, t to the reciprocal surface, then the lines, reciprocals of the facultative lines, 
constitute the nodal curve of the order b'; and the points f, each containing three 
of these lines, are the triple points of the nodal curve. Inasmuch as the nodal curve 
consists of right lines, the number k’ of its apparent double points is given by the 
formula 2k’ =b?—b’—6t’; and comparing with the formula yg =b*—b'—2k' — 3y — 6t, 
we have q +3y=0, that is, d =0 (0 the class of the nodal curve), and also y'= 0. 


16. In the general case I= 12, the spinode curve is the complete intersection of 
the cubic surface by the Hessian surface of the order 4, and it is thus of the order 
c —12; but in the other cases the complete intersection consists of the spinode curve 
together with certain right lines not belonging to the curve, and the spinode curve 
is of an order o” less than 12: this will be further explained, and the reduction 
accounted for (see post, Nos. 24 et seq.). 


17. Again, in the general case [=12, each of the 27 lines is a double tangent 
of the spinode curve, and the tangent planes of the surface at the points of contact 
are common tangent planes of the spinode torse and the node-couple torse, stationary 
planes of the spinode torse; or we have /8'—2p'— 54. In the other cases, however, 
instead of the 27 lines we must take only the facultative lines, each of which is or 
is not a double or a single tangent of the spinode curve; and the tangent planes 
of the surface at the points of contact are the common tangent planes as above— 
that is, the number of contacts gives 8 not in general = 2p’. 
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18, There are not, except as above, any common tangent planes of the two torses, 
that is, not only y'—O as already mentioned, but also %=0. I do not at present 
account à priori for the values 0'=16, 8, and 16, which present themselves in the 
Table. The cubic surface cannot have a plane of conic contact, and we have thus in 
every case C’=0; but the value of B’ is not in every case =0. 


19. In what precedes we see how a discussion of the equation of the cubic 
surface should in the several cases respectively lead to the values b’, t, p', a”, BY, 7’, x’, B, 
and how in the reciprocal surface the nodal curve of the order b is known by means 
of the facultative lines of the original cubic surface. The cuspidal curve c' might 
also be obtained as the reciprocal of the spinode-torse; but this would in general be 
a laborious process, and it is the less necessary, inasmuch as the equation of the 
reciprocal surface is in each case obtained in a form putting in evidence the 
cuspidal curve. 


Article Nos. 20 to 23. The Lines and Planes of a Cubic Surface; Facultative Lines ; 
Explanation of Diagrams. 


20. In the general surface I— 12, we have 27 lines and 45 triple-tangent planes, 
or say simply, planes: through each line pass 5 planes, in each plane lie 3 lines. For 
the surfaces II to XXI (the present considerations do not of course apply to the 
Scrolls) several of the lines come to coincide with each other, and several of the 
planes also come to coincide with each other; but the number of the lines is always 
reckoned as 27, and that of the planes as 45. If we attend to the distinct lines 
and the distinct planes, each line has a multiplicity, and the sum of these is = 27; 
and so each plane has a multiplicity, and the sum of these is =45. Again, attending 
to a particular line in a particular plane, the line has a frequency 1, 2, or 3, that is, 
it represents 1, 2, or 3 of the 3 lines in the plane (this is in fact the distinction 
of a scrolar, torsal, or oscular line); and similarly, the plane has a frequency 1, 2, 3, 4, 
or 5, according to the number which it represents of the 5 planes through the line. 
It requires only a little consideration to perceive that the multiplicity of the plane 
into its frequency in regard to the line is equal to the multiplicity of the line into 
its frequency in regard to the plane. Observe, further, that if M be the multiplicity 
of the plane, then, considering it in regard to the lines contained therein, we get the 
products (M, M, M), (2M, M), or 3M, according as the three lines are or are not 
distinct, but that the sum of the products is always =3M, and that in regard to all 
the planes the total sum is 3 x 45, =135. And so if M' be the multiplicity of the 
line, then, considering it in regard to the planes which pass through it, we get the 
products (W, M, M, MW, M^), QM, M, W, M’),...(5M’), as the case may be, but that 
the sum of the products is =5M’, and that in regard to all the lines the sum is 
5 x 27, = 135, as before. 


21. The mode of coincidence of the lines and planes, and the several distinct 
lines and planes which are situate in or pass through the several distinct planes and 
lines respectively, are shown in the annexed diagrams I to XXI(): the multiplicity 


1 See the commencements of the several sections. 
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of each line appears by the upper marginal line, and that of each plane by the 
left-hand marginal column (thus in diagram I, 27x1=27 and 45x1=45, 1 is the 
multiplicity of each line, and it is also the multiplicity of each plane); the frequencies 
of a line and plane in regard to each other appear by the dots in the square 
opposite to the line and plane in question, these being read, for the frequency of the 
line vertically, and for the frequency of the plane horizontally; thus *. indicates that 


the frequency of the line is =3, and the frequency of the plane is =2. There 
should be and are in every line of the diagram 3 dots, and in every column of the 


> 


diagram 5 dots (a symbol ' : being read as just explained, 2 dots in the line, 


3 dots in the column). 


22. For the surface I=12, there is of course no distinction between the lines, 
but these form only a single class, and the like for the planes; but for the other 
surfaces the lines and planes form separate classes, as shown in the diagrams by the 
lower marginal explanation of the lines, and the right-hand marginal explanation of 
the planes. I use here and elsewhere “ray” to denote a line passing through a 
single node; “axis” to denote a line joining two nodes; “edge” (as above) to denote 
the edge of a binode; any other line is a “mere line.” An axis is always torsal or 
oscular; when it is torsal, the plane touching along the axis contains a third line 
which is the “transversal” of such axis; but a transversal may be a mere line, a ray, 
or an axis; in the case XVI=12-—40C,, each transversal is a transversal in regard to 
two axes. 


23. In the general case I=12, each of the 27 lines is, as already mentioned, 
part of the node-couple curve; and the node-couple curve is made up of the 27 lines, 
and is thus a curve of the order 27. In fact each plane through a line meets the 
cubic surface in this line, and in a conic; the line and conic meet in two points, 
and the plane (that is in any plane) through the line is thus a double tangent 
plane touching the surface at the two points in question; the locus of the points of 
contact, that is the line itself, is thus part of the node-couple curve. But in the 
other cases, II to XXI, certain of the lines do not belong to the node-couple curve 
(this will be examined in detail in the several cases respectively); but I wish to 
show here how in a general way a line passing through a node, say a nodal ray, is 
not part of the node-couple curve. To fix the ideas, consider the surface II — 12 — C; 
there are here through C, six lines, or say rays: attending to any one of these, a 
plane through the ray meets the surface in the ray itself and in a conie; the ray 
and the conic meet as before in two points, one of them being the point C,: the 
plane touches the surface at the other point, but i does not touch the surface at C,. 
(I am not sure, and I leave it an open question, whether we ought to say that at a 
node C, there is no tangent plane, or to say that only the tangent planes of the 
nodal cone are tangent planes of the surface; but, at any rate, an arbitrary plane 
through C, is not a tangent plane. The plane through the ray is only a single 
tangent plane, not a double tangent plane; and the ray is not part of the node-couple 
curve. We say that a line of the surface is or is not "facultative" according as it 
does or does not form part of the node-couple curve. 
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Article Nos. 24 to 26. Ais; the different kinds thereof. 


24. A line joining two nodes is an axis; such a line is always a line, and it 
is a torsal or oscular line, of the surface. But some further distinctions are requisite ; 
using the expressions in their strict sense, enicnode — C, binode = B, an axis is a 
CC-axis joining two cnienodes, or it is a CB-axis joining a cnicnode and a binode, 
or it is a BB-axis joining two binodes. A CC-axis is torsal the transversal being a 
mere line, not a ray through either of the cnicnodes; a CB-axis is torsal, the 
transversal being a ray of the binode; a JBB-axis is oscular. The distinction is of 
course carried through as regards the higher biplanar nodes B,, B, B, and the 
uniplanar nodes U,, U,, U,: thus (B,— B) the ‘edge of a binode B, is not an axis at 
all, but (B,=2C) the edge of a binode B, is a CC-axis; (B,— B-- C) the edge of a 
binode B, is a CB-axis; (B, — 3C) the edge of a binode B, is a thrice-taken CC-axis; 
(U, = 3C) each of the rays is regarded as a CC-axis; (U,=B+20) the double ray is 
regarded as a twice-taken CB-axis, and the single ray as a CC-axis; (U,=2B +0) 
the ray is regarded as a BB-axis + a twice-taken CB-axis. 


25. It has been mentioned that the intersection of the surface with the Hessian 
consists of the spinode curve, together with certain right lines; these lines are in fact 
the axes—viz. the examination of the several cases shows that in the complete 
intersection each CC-axis presents itself twice, each CB-axis 3 times, and each BB-axis 
4 times We thus see that a CC-axis, or rather the torsal plane along such axis, is 
the pinch-plane or singularity j —1; the CB-axis, or rather the torsal plane along such 
axis, the close-plane or singularity Y —1; and the BB-axis, or oscular plane along such 
axis, the bitrope or singularity B'—1; for a cubic surface with singular lines the 
expression of o” being in fact o’ = 12 — 2j’ — 3«/ — 4B'. There are, however, some cases 
requiring explanation; thus for the case VIII—12— B, where the edge is by what 
precedes a CB-axis, the complete intersection is made up of the edge 4 times and of 
an octic curve; the consideration of the reciprocal surface shows, however, that the 
edge taken once is really part of the spinode curve (viz that this curve is made up 
of the edge taken once and of the octic curve, its order being thus o’ =9); and the 
interpretation then of course is that the intersection is made up of the edge taken 
3 times (as for a CB-axis it should be) and of the spinode curve. 


26. I remark in further explanation, that in the several sections, in showing how 
the complete intersection of the cubie surface with the Hessian is made up, I have 
not referred to the axes in the above precise significations; thus XIV — 12 — 5, — Q, 
the binode B, is C+ B, and the edge is thus a CB-axis, while the axis B,C, is a 
CB-axis + a CC-axis (Y =1+1, =2, j 2 1). The complete intersection should therefore 
consist of the spinode curve, + edge (as a CB-axis) 3 times + axis (as a OCB-axis +a 
CC-axis) 2+3, — 5 times: it is in the section stated (in perfect consistency herewith, 
but without the full explanation) that the intersection is made up of the axis 5 times, 
the edge 4 times, and a cubie curve—which cubic curve together with the edge once 
constitutes the spinode curve; and so in other cases: this explanation will, I think, 
remove all difficulty. 
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Article Nos. 27 to 32. On the Determination of the Reciprocal Equation. 


27. Consider in general the cubic surface (#§X, Y, Z, W)=0, and in connexion 
therewith the equation Xs+ Yy+Zz+Ww=0, which regarding therein X, Y, Z, W 
as current coordinates, and z, y, z, w as constants, is the equation of a plane. If 
from the two equations we eliminate one of the coordinates, for instance W, we obtain 


(«E Xw, Yw, Zw, — (Xæ + Yy + Zz)y 20, 


which, (X, Y, Z) being current coordinates, is obviously the equation of the cone, vertex 
(X20, Y=0, Z=0), which stands on the section of the cubic surface by the plane. 
Equating to zero the discriminant of this function in regard to (X, Y, Z), we express 
that the cone has a nodal line; that is, that the section has a node, or, what is the 
same thing, that the plane -X+yY+22Z+wW=0 is a tangent plane of the cubic 
surface; and we thus by the process in fact obtain the equation of the cubic surface 
in the reciprocal or plane coordinates (z, y, z, w). Consider in the same equation 
4, y, zı w as current coordinates, (X, Y, Z) as given parameters, the equation represents 
a system of three planes, viz. these are the planes aX + yY c zZ -wW' —0, where W 
has the three values given by the equation (*$X, Y, Z, W’)'=0, or, what is the same 
thing, X, Y, Z, W' are the coordinates of any one of the three points of intersection 


of the cubic surface by the line x^ P-7 (X, Y, Z, W’) belongs to a point on the 


surface, and 


aX+yY+24+wW"=0 


is the polar plane of this point in regard to a quadric surface X?+ PSL EL W*—0; 
the equation 
(xy Xw, Yu, Zw, — (Xe + Yy+22z)) =0 


is thus the equation of a system of 3 planes, the polar planes of three points of the 
cubic surface (which three points lie on an arbitrary line through the point æ= 0, 
y=0,2=0). In equating to zero the discriminant in regard to (X, Y, Z), we find the 
envelope of the system of three planes, or say-of a plane, the polar plane of an 
arbitrary point on the cubic surface,—or we have the equation of the reciprocal 
surface, being, as is known, the same thing as the equation of the cubic surface in 
the reciprocal or plane coordinates (s, y, z, w) In what precedes we have the 
explanation of an ordinary process of finding the equation of the reciprocal surface, 
this equation being thereby given by equating to zero the discriminant of a function 
(*$.X, Y, ZP, that is, of a ternary cubic function. 


28. The process, as last explained, is a special one, viz. the position of a point 
on the surface is determined by means of certain two parameters, the ratios X : Y : Z 
which fix the position of the line joining this point with the point (w7+0, y=0, 
2—0) More generally we may consider the position of the point as determined by 
means of any two parameters; the equation of the polar plane then contains the two 
parameters, and by taking the envelope in regard to the two parameters considered as 
variable, we have the equation of the reciprocal surface. 
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29. But let the parameters, say 0, ¢, be regarded as varying successively; if 4 
alone vary, we have on the surface a curve 6, the equation whereof contains the 
parameter 0, and when @ varies this curve sweeps over the surface. The envelope in 
regard to d$ of the polar plane of a point of the surface is a torse, the reciprocal 
of the curve ©, and the envelope of the torse is the reciprocal surface. In particular 
the curve O may be the plane section by any plane through a fixed line, say, by 
the plane P —0Q —0; the section is a cubic curve, the reciprocal is a sextic cone 
having its vertex in a fixed line (the reciprocal of the line P=0, Q=0), and the 
reciprocal surface is thus obtained as the envelope of this cone; assuming that the 
equation of the sextic cone has been obtained, this is an equation of a certain order 
in the parameter 0; or writing 06 — P : Q, we obtain the equation of the reciprocal 
surface by equating to zero the discriminant of a: binary function of (P, Q). 


30. With a variation, this process is a convenient one for obtaining the reciprocal 
of a cubic surface: we take the fixed line to be one of the lines on the cubic 
surface; the curve @ is then a conic, its reciprocal is a quadricone, and the envelope 
of this quadricone is the required reciprocal surface. This is really what Schlüfli does 
(but the process is not explained) in the several instances in which he obtains the 
equation of the reciprocal surface by means of a binary function. I remark that it 
would be very instructive, for each case of surface, to take the variable plane 
successively through the several kinds of lines on the particular surface; the equation 
of the reciprocal surface would thus be obtained under different forms, putting in 
evidence the relation to the reciprocal surface of the fixed line made. use of. But 
this is an investigation which I do not enter upon: I adopt in each case Schliifli’s 
process, without explanation, and merely write down the ternary or (as the case may be) 
binary function by means of which the equation of the reciprocal surface is obtained. 


31. It is to be mentioned that there is a reciprocal process of obtaining the 
equation of the reciprocal surface; we may imagine, touching the cubic surface along 
any curve, a series of planes; that is, a torse circumscribed about the surface, and 
the equation whereof contains a variable parameter 0; the reciprocal figure is a curve, 
the equations whereof contain the parameter 0; the locus of this curve is the 
reciprocal surface; that is, the equation of the reciprocal surface is obtained by 
eliminating 0 from the equations of the curve. In particular let the torse be the 
circumscribed cone having its vertex at any point of a-fixed line; the reciprocal 
figure is then a plane curve, the plane of which passes through the line which is 
the reciprocal of the fixed line; it is moreover clear that if the position of the vertex 
on the fixed line be determined by the parameter 0 linearly (for instance if the 
vertex be given as the intersection of the fixed line by a plane P-—0(Q=0), then 
the equation of the plane of the curve will be of the form P’ = 0Q', containing the 
parameter @ linearly; the other equation of the plane curve will contain 6 rationally, 
and the elimination will be at once effected by substituting in this other equation 
for 0 its value, = P'— (Y. And observe moreover that if the fixed line be a line on 
the cubic surface, then the cone is a quadricone having for its reciprocal a conic; 
the reciprocal surface is thus given as the locus of a variable conie, the plane of 
which always passes through a fixed line; there are thus on the reciprocal surface 
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series of such conics. It would be very instructive and interesting to carry out the 
investigation in detail. 


32. The equation of the reciprocal surface is found by equating to zero the 
discriminant of a ternary or a binary function(*), viz. this is a ternary cubic, or a 
binary quartic, cubic, or quadric. The equation as given in the form disct. = 0, contains 
a factor which for the adopted forms of equations is always a power or product of 
powers of w, z, z(?) known à priori, and which is thrown out without difficulty, the 
equation being thereby reduced to the proper order. There is the singular advantage 
that the process puts in evidence the cuspidal curve of the resulting reciprocal 
surface, viz. for a ternary cubic, the form obtained is S:*—T*=0, and for a binary 
quartic it is the equivalent form /?— 27J*—0; but for the factor thrown out as just 
mentioned, we should have simply (S=0, T'=0), or, as the case may be, (7 —0, J=0) 
for equations of the cuspidal curve; the existence of the factor occasions however a 
modification, viz. the intersection of the two surfaces is not an indecomposable curve, 
and the cuspidal curve is in most cases, not the complete intersection, but a partial 
intersection of the two surfaces. In several cases it thus happens that the cuspidal 


P , Q 3 R 
P, Es R' 
Similarly when the equation of the reciprocal surface is obtained by means of a 


binary cubic; if the coefficients hereof (functions of course of the coordinates a, y, z, w) 
be A, B, C, D, then the surface is 


(AD — BCj — A(AC — B) (BD — C5) — 0, 
A, B, C 
B, 0, D 


curve is obtained as a curve —0, without or with further speciality. 


having the cuspidal curve [=o subject however to modification in the case 


of a thrown out factor. 


Article Nos. 33 and 34. Explanation as to the Sections of the Memoir. 


33. As regards the following Sections I to XXIII, it is to be observed that for 
the general surface 1=12, I do not attempt to form the equation of the reciprocal 
surface, and in some of the other cases, II =12—C, &c., the equation of the reciprocal 
surface is either not obtained in a completely developed form, or it is too complicated 
to allow of its being dealt with, for instance so as to put in evidence the nodal 
curve of the surface. Portions of the theory given in the latter sections are con- 
sequently omitted in the earlier ones, and in particular in the Section I there is 
given only the diagram of the 27 lines and the 45 planes (with however developments 
as to notation and otherwise which have no place in the subsequent sections), and 
with the analytical expressions for the several lines and planes, although from the 


1 In some easy cases, for instance XVI=12-4C,, the equation of the reciprocal surface is obtained other- 
wise by a direct elimination. 

? The factor is in general a power or product of powers of the linear functions which, equated to zero, 
give the equations of the planes reciprocal to the several nodes of the surface. 
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want of the equation of the reciprocal surface these analytical expressions have no 
present application. And so in some of the next following sections, no application is 
made of the analytical expressions of the lines and planes. 


34. I call to mind that if a line be given as the intersection of the two planes 
AX+BY+CZ+DW=0, A'X -B'Y -CZ - D'W —0, 
then the six coordinates of the line are 
0. b, C, J^ 9 h 
= AD' — A'D, BD — B'D, CD'-C'D, BC' — B'C, CA' -C'A, AB’ — A'B; 


and that in terms of its six coordinates the line is given as the common intersection 
of the four planes 


— q, —b, Fries 


and that (reciprocating as usual in regard to X*+ Y° + Z+ W*— 0) the coordinates of 
the reciprocal line are (f, g, h, a, b, c); that is, this is the common intersection of the 
four planes 


hon e e, —b, f Ya, y, z, w)=0. 
|<, À a, g 

| ica nah 

ey, E, 


It is in some cases more convenient to consider a line as determined as the inter- 
section of two planes rather than by means of its six coordinates; thus, for instance, 
to speak of the line X=0, Y =0 rather than of the line (0, 0, 0, 1, 0, 0); and in 
some of the sections 1 have preferred not to give the expressions of the six coordinates 
of the several lines. 


Article Nos. 35 to 46. $ I=12, Equation (X, Y, Z, Wy=0. 


35. There is in the system of the 27 lines and the 45 planes a complicated 
and many-sided symmetry which precludes the existence of any unique notation: the 
notation can only be obtained by starting from some arrangement which is not unique, 
but one of a system of several like arrangements. The notation employed in my 
original paper “On the Simple Tangent Planes of Surfaces of the Third Order,” 
Camb. and Dub. Math. Journ. vol. Y. 1849, pp. 118—132, [76], and which is shown in 
the right hand and lower margins of the diagram, starts from such an arrangement; but 
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it is so complicated that it can hardly be considered as at all putting in evidence 
the relations of the lines and planes; that of Dr Hart (Salmon, “On the Triple 
Tangent Planes of a Surface of the Third Order,’ same volume, pp. 252—260), 
depending on an arrangement of the 27 lines according to a cube of 3 each way, is 
a singularly elegant one, and will be presently reproduced. 


36. But the most convenient one is Schlafli’s, starting from a double-sixer; viz. 
we can (and that in 36 different ways) select out of the 27 lines two systems each 
of six lines, such that no two lines of the same system intersect, but that each line 
of the one system intersects all but the corresponding line of the other system; or, 
say, if the lines are 

1 > 2 3 3 3 4 F 5 , 6 
PM AREA ACE P 
then these have the thirty intersections 


Er a. 3, 4”, y 6’ 


Qv m © N =m 


6 B . . . 


Any two lines such as 1, 2’ lie in a plane which may be called 12’; similarly the 
lines 1, 2 lie in a plane which may be called 1'2; these two planes meet in a 
line 12; and any three lines such as 12, 34, 56 meet in pairs, lying in a plane 
12.34.56. We have thus the entire system of the 27 lines and 45 planes, as in 
effect completely explained by what has been stated, but which is exhibited in full in 
the diagram. 


37. The diagram of the lines and planes is 
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15. 
15. 
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16. 
16. 


.34, 
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38. It has been mentioned that the number of double-sixers was = 36, these are 
as follows : 


1, 2, 3, 4, 5, 6 Assumed primitive 1 

PEP - comb - E L RL 

1, 1, 23, 24, 25, 26 Like arrangements ES 

AO EMO EU 

lx. sh DA. 35, 45 Like arrangements 20 
32 T HS e AL ub 36 


where, if we take any column | of two lines, we have the complete number 216 of 
pairs of non-intersecting lines (each line meets 10 lines, there are therefore 27 — 1 — 10, 
= 16, which it does not meet, and the number of non-intersecting pairs is thus 
1.927 .16 — 210). 


39. We can out of the 45 planes select, and that in 120 ways, a trihedral-pair, 
that is, two triads of planes, such that the planes of the one triad, intersecting those 
of the other triad, give 9 of the 27 lines. Analytically if X 20, Y 20, Z=0 and 
U=0, V=0, W=0 are the equations of the six planes, then the equation of the 
cubic surface is XYZ+kUVW=0. See as to this post, No. 44. 


The trihedral plane pairs are: 
12," 28, 31 
12, 29, 83 No.is — 20 

12" 34, 14 23.56 

23, 41, 12.34.56 


90 


14.25.36, 35.16.24, 26.34.15 
14.35.26, 25.16.34, 36.24.15 10 


120 


The construction of the last set is most easily effected by the diagram 
123x456 
312 564 


231 645 
AAA 
ll 
14 25 36 


35 16 24 
26 34 15 


It is immaterial how the two component triads 123 and 456 are arranged, we obtain 
always the same trihedral pair. 
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40. Dr Hart arranges the 27 lines, cubically, thus: 
A, A €. a bo li e 5% 
A, B, C, da b Ce a B, Y 
A, Rh O dz dy G Gs Bs ov 
where letters of the same alphabet denote lines in the same plane, if only the letters 
are the same or the suffixes the same; thus 4,, A4, A, lie in a plane 4,4,4;; 


A,, B,, C, lie in a plane A,B,C,. Letters of different alphabets denote lines which meet 
according to the Table 


where the letter in the centre of the square denotes a line lying in the same plane 
with the lines denoted by the letters of each vertical pair in the same square. Thus 
A, lies in the planes 4,4,%,, A,b.8,, A,cyy, (and in the before-mentioned two planes 
A,A,A;, A,B,C). 
41. I find that one way in which this may be identified with the double-sixer 

notation is to represent the above arrangement by 

BIR 00 K 3, 4, 34 13, 24, 56 

14, 25, 36 2E 0189, 20 15 116,-(:6 

4, 5, 45 23, 46, 15 9, 35, 5’ 
and then the identification may apparently be effected in (720 x 36=) 25920 ways, viz. 
we may first in any way permute the ag PO by this means not altering 
the double-sixer LS S T Z Z, and then upon the arrangements so obtained make any of 
the substitutions which permute inter se the 36 double-sixers. 


42. The equations of the 45 planes are obtained in my paper last referred to, 
viz. taking the equation of the surface to be 


1 1 1 1 1 1 
W (1, LA ME Ñ mna s nb > Im pu PT id me nd HA A Z, WyY+kXZY=0, 
| p-g8 zi 1 P t 1 
where k= 3 (p—ay’ a = lmn + Ix B = Im I 
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then the equations of the planes are: 


W=0, 
Cm TA y +3 (t- i)( - =) ( -1)|=0, 


ti Biehn 


1 1 1 
e m——) (n- =) W=0, 
1 1 1 
+, (n=) (1-7) W=0, 
T 1 1 
Z+7(1- i) (m-=) W —0, 
T AE. a 
nm n 
T emYA Z s0, 
n 
7n 


£ +mY+nZ+W=0, 


LX + X +nZ+W=0, 

LX +mY + Ss, W=0, 
L(p—a) + 2mn 

X-4—L———— Me 
TRE ie: 


y m (p — a) + 2nl W= 
+ PES 0. 


Z4 n(p — a) t 2lm W=0 


p+B ; 


1-9. 
aper s T: aae W.=0, 

=(p-0)+5 

er 


Z + ienna. = 
p+B i 
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[12 = w] 
[23' = 6] 


[91 0] 
[12.34.56 =a] 
[42 =y] 
[14 =z] 
[21 — £] 
[32 = n] 
[13' — £] 

[41' =f] 

[34 = g] 
[13.24.56 =h] 
(24 — f] 
[14.25.36 — g] 
[43 =f] 
[12.35.46=x] 
[52 = y] 


[15° = 2] 


[12.36.45 =x] 


[62 =y] 


[16' =7] 


2n 
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—— —À + Y +nZ4 W= 0, 
~ m(p—4) 
M oF" 149, 
n(p-— a) n 
I " 2m ba 
7X + m¥ — ipsa Or W=0, 
om X4 mY4 2Z4 W-0, 
" n(p —a) 
1 2n 
21 
ix ig... Z+ W=0, 
m m (p— a) 
M dong gi sd is. =e. 
2m m 
T 4 0, 
1 . m(p— 
mr BO 24 w= 0, 


m(p—9) Y + a W=0, 
2n n 


= 0, 


=0, 


0, 


0, 


0, 


= U. 


; pee? yy nZ L W — 0, 
aii HR Y a 
m 2m 
S +nY+m2Z +(mn (p—-a)-21 (1— — mé — n?)) dl 
nX — 21 Ç LZ +( nl (p—2)— 2m(1-n*- P) 
p-a +B 
mX +1¥— + Z (Im (p— 4) — 2n A-t- m) i g= 
aut. 3 1 2 Wai x 
ael AN -5-5)) = 
1 ay 1 1 2 1 1 W 
S LT IS 
T > | 2 t 1\\ Y 
4115.3 (n; - RL p de 
VI. 
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[56'=1] 


[45° = m] 


[64 =n] 


[15.26.34=1] 
[16.24.35 =m] 


[14.25.36=n] 


[65 m L 
[46’ = m,] 


[54 =n,] 


[16.25.34=1,] 
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[15.24.36=m,] 


[14.26.35 =m] 


[51 = p] 


[35 — q] 


[13.25.46 — r] 


[26' = p] 
[16.23.45 =q] 
[36 =F] 
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a ae 2 tm (7 (1 2-2) algo [25' =p,] 
A inn (s (1 - 1-5) 797 2) pte? [15.23.46 =q] 
S acis na Z ims (= U - zP- 2-5) 54370 [53' =n] 
PT mg- (- m? — n?) (p — a) — 2mm) 5 =0, (552 
nx -P* Y412-, (m(- n?— P) (p —a)- Sut ) 350 [36 = q] 


lmn 


wy E sS 
mX —lY 3 Z P 


a (n (1- P - m?) (p-4)-2in) 5 


=0, [13.26.45 -1] 


43. The coordinates of the 27 lines are then found to be as follows: 


(a) 


(b) (c) 


1 

0 

0 
1 al x5 T2 
AM - om (^ =) 


3 
| 


ylis 809 | c9 

P ae y TIENE, UN 
c S 

I | 

ai= Sie 

Pana: UTE 

wN 

| 

nsi. a E 


(Sl le 


| 


EC 1 y 
1 1 1 
Eu et 
Ta 1) 1 
“4, r7 (m2) 

1 
0 
0 


360362) | 1036-2 
BODO E 
46-969 | i063 
A362) A) 
-26-)0-) | r 
DEA DD 
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(9) | (h) 
0 
0 
0 
— Y mM 
0 -1 
i 0 
_! 1 
7L ml 
1 
0 up. 
1 
7 0 
1 
— - m 
7L 
1 
c "I 
l 0 


(12 =a) 
(2=5,) 
(1 =4) 
(2 =a) 
(23 = b) 
( 9 = e) 
( T= a) 
(3 =) 
(13 = ¢,) 


(34 = a) 
(24 =0,) 
(14 = 04 
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(a) ©) 
1 0 
0 0 
0 1 
2m (1-7) 2(1 eS va Urea 2 
—m(p- (1 + ae St n (m) 2 (1+ ae Gna) 
(ana Ap- a (1*5) 2 (n =7) 
(4) Uerum) | rire) 
! c o 3 P (m-2) bn) L + ta) 
—n(p— (1 + ona) 2(1 * aca) 2m (n- 7) 


p-—a 


21 
j (1+ 


mn (p — a (1+ sies) 
7(™=5) 


E nl Te =<) 


) 


-*( aa) s (75) 

D oa. WE misa) 
E w -5U0 ea) 
ET EE 3 (0-5) 
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n (p-a) 


0 


- (p- B) 
_ 2n(p— B) 
p-a 
| 0 


2m (p — B) | 
p-a 


WE 


——— 
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1 
— N ra 
0 ae 
1 
7 0 
-(p+ b) -WE 
0 -(p* B) 
2 (p* B) 
n (p — a) y 
2 (p + B) 
L(p— a) P 
0 2(p +B) 
m(p — a) 
p+B 0 
_ 2l(p—B) f 
EE (p - B) 
0 eB 
- (p- B) 0 
0 p-p 
2n (p — B) 0 
24 
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44. We have X 20, Y =0, Z=0, W=0 for the equations of the planes 
(12.34.56 =0); E =u) (14 =2), (12 =w); 
and representing by f=lLX +2 YF + W=0 the equation of any other plane (41'— f) 
the equation of the cubic surface may be presented in the several forms: 


0-U- HT -k£YZ, 


= Weg +knZX, 
= Whh +kg€XY, 
=W00 +kEng, 
= Wil, + kyzx, 
= Wmm, + kzxy, 
= Wnn, + kxyz, 


= Wl +kyzx, 
= Wm,m + kzxy, 
= Wnyn +kxyz, 
= Wpp, + k£yz, 
= Wqq, +knzx, 
= Wm, +k£xy, 
= Wpp, + k£yz, 
= Wqq, +knzx, 
=Wrr, +kéxy, 
which are the 16 forms containing W, out of the complete system of 120 trihedral- 
pair forms. 


45. The 27 lines are each of them facultative; we have therefore b =p = 27; 
/-—45; moreover each of the lines is a double tangent of the spinode curve, and 


therefore 8 (= 2p’) = 54. 
46. The equation of the reciprocal surface is not here investigated; its form is 
S'—7?=0, 
where S=(#Qa, y, z, wy, T=(x*Ux, y, 2, wy; wherefore n = 12. 


The nodal curve is composed of the lines which are the reciprocals of the 
original 27 lines (b'=27, t'—45 ut supra). It may be remarked that the reciprocal 
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of a double-sixer is a double-sixer. Hence the 27 lines of the reciprocal surface may 
be (and that in 36 different ways) represented by 


where 12 is now the line joining the points 12’ and 1/2; and so for the other lines. 
The lines 12, 34, 56 meet in a point 12.34.56; the 30 points 12, 12.. 


. 56’, 56, and 
the fifteen points 12.34.56 make up the 45 points E 


The above equation, S*— T2=0, shows that the cuspidal curve is a com ete inter- 
| 3 
section 6 x 4; C = 24. 


Section II 212 — 0}. 


Article Nos. 47 to 59. Equation W (a, b, c, f, g, hUX, Y, Zy * 2kXYZ=0. 


47. It may be remarked that the system of lines and planes is at once deduced 
from that belonging to 1=12, by supposing that in the double-sixer the corresponding 
lines 1 and 1’, &e. severally coincide; the line 12, instead of being given as the inter- 
section of the planes 12, 1'2, is given as the third line in the plane 12, which 


in 
fact represents the coincident planes 12’ and 172. 
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48. The diagram is 


5 CK 

15 Ç : : 
16 f E S 
23 K ao ic 

24 4 $ . 


TX ST). 96 


| 
v: 
; ST 
| 
| 

eI 


Biradial planes, through 
each pair of rays. 


15 x 2=30 . 


Planes. 


e 
eo 
. 


12.34.56 " , ^ 
12.35.46 - 4 A 
12.36.45 AE ^ 
13.24.56 
13.25.46 r x de 
13.26. 45 . A " 
14.23.56 . . . 
14.25.36 (15.115 . . . 
14.26 .35 $ j Ñ 
15.23.46 . . . 
15.24.36 . - . 
15.26.34 "NU . 
16.23.45 . E o 

16.24.35 . . , 
16.25.84 | 30 45 : , 


three mere lines. 


| 
| 
N | 
| 


"Kui 


[9rp9iiq ove ur 
‘soul, 919 


l 
Planes each containing 


“309 orrpenb e 


| ur 9yBNJIS opou 
eu TOI ‘sley 


| əuo 
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49. Putting the equation of the surface in the form 


A MEMOIR ON CUBIC SURFACES. 


WL, 1,1, 145, m+l,n+24x, Y, zy + EL XYz-0, 


where for shortness 


a=mn —l, 
B=nl —m, 
y=lm —n, 

=lmn —1, 
p = mn, 


385 


then taking X=0 as the equation of the plane [12], Y=0 as that of the plane 
[34], Z=0 as that of the plane [56], the equations of the 30 distinct planes are 


found to be 


C. VI. 


X =0, 

Y =0, 

Z =0, 

m X+l Y+Z=0, 
m"X+l Y+Z=0, 
m X+l°V+Z=0, 
mxX+l°V+Z=0, 
X+n Y+m Z=0, 
X+n7V+im Z=0, 
X+n YVY+m"Z=0, 
X+n"Y4+m"Z=0, 
n X4+Y+1l Z=0, 
nX+Y+!l Z=0, 
n X4+Y+/1"Z=0, 
n^X-4-Y-c-l?Z-0, 
W=0, 

X + By W=0, 
X—a6 W=0, 

Y +ay W=0, 

Y — ps W=0, 

Z +48 W=0, 
Z—wy8 W=0, 


mnX +nl Y lm Z+a8y8 W=0, 


pX+n Y+m Z+8y8 W=0, 
nX+p Y+l Z-yaó W=0, 
mX+l Y+p Z+a88 W=0, 
X+lmViln Z — 8y8 W=0, 
mX+ Y+mnZ—-yas W=0, 
nX+mY+ Z-—aps W=0, 
LX -m Yin Z-—ag8y W=0, 
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[12] 
[34] 
[56] 
[23] 
[24] 
[13] 
[14] 
[45] 
[46] 
[35] 
[36] 
[16] 
[15] 
[26] 
[25] 


[12. 
(12. 
(12.5 
[16. 
[15. 
[14. 
[13. 
[16 . 
[13. 
[16. 
[15. 
[15. 


[13. 
[14. 


[14. 


.56] 
.45] 
. 46] 
.34] 
.34] 
.56] 
.56] 
.45] 
.45] 
.35] 
.46] 
.36] 
.46] 
.35] 
. 36] 
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50. And the coordinates of the 21 distinct lines are 


Z+mX=0 
X+nY=0 


Ka rue 
(4) F=0,Z+m"X=0 


(45) X+ nY¥+mZ=0, X« ByW -0 
(16) Y 4 IZ+nX=0, Y +yaW=0 


Z+mX+ IY=0, Z+aBW=0 


X+n"Y+m2=0, X-a6W -0 


(26) Y+ lI"Z«nX-0, Y-g8W-0 


(24) Z *m X4 IY -0, Z- y9W -0 


(35) X+nY4+m"Z=0, X—a6W -0 
(15) Y + IZ4+nX=0, Y -B8W=0 


(13) Z+mX +11 Y=0, Z-y8W=0 


(36) X+ n?Y«m^"Z-0, X+ByW=0 |, 
(25) Y + l!Zen1X-0, Y + yaW=0 


(14) Z+m"X+ U!Y-0, 7+aBW=0 


(12) X=0, W=0 
(34) Y=0, W=0 
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51. The six nodal rays are not, the fifteen mere lines are, facultative. Hence 
V=p=15; Y =15, 
52. Resuming the equation W (a, b, c, f, g, AUX, Y, Zy -- 2kXYZ —0, the equation 
of the Hessian surface is found to be 
KW? (a, b, c, f, g, AUX, Y, Zy 
+ 2kW ((a, b, c, f, g, h X, Y, Zy(FX--GY - HZ) - 3KXYZ] 
— I? (a? X* + BY44 eZ: — 2bc Y*Z: — 2caZ* X? — 2ab X* Y” 
— 4X YZ [(af + gh) X + (bg -- f) Y 4- (ch + fg) Z]] — 0, 
where : 
(A, B, C, F, G, H)- (bc — f°, ca — g^, ab — hk, gh — af, hf — bg, fg — ch), 
K = abc — af? — bg? — ch? + 2fgh. 
The Hessian and the cubic intersect in an indecomposable curve, which is the spinode 


curve; that is, spinode curve is a complete intersection 3 x 4; c' — 12. 


The equations of the spinode curve may be written in the simplified form 
W (a, b, c, f, g, AUX, Y, Zy - 2kXYZ — 0, 
—8KXYZW 
+ 8kEXYZ (af X 4-bgY +chZ) 
— i? (a? + bY“ + eZ: — 2bcY?Z* - 2caZ?X? — 2abX*Y*} = 0; 
and it appears hereby that the node C, is a sixfold point on the curve, the tangents 


of the curve in fact coinciding with the six rays. 


Each of the 15 lines touches the spinode curve twice; in fact, for the line 12 
we have X =0, W —0; and substituting in the equations of the spinode curve, we have 


(bY? —cZ*)=0; that is, we have the two points of contact X —0, W=0, Yvb= + Zvc. 
Hence 8 30. 


Reciprocal Surface. 


53. The equation is found by equating to zero the discriminant of the ternary 
cubic function 


(Xa+ Yy + Zz) (a, b, c, f, g, RX, Y, Zy —2kwXYZ, 


viz. the discriminant contains the factor w? which is to be thrown out, thus reducing 
the order to n'= 10. 


The ternary cubic, multiplying by 3 to avoid fractions, is 
Zt, Pew, PEC, IPR MT Se A SAX? ,0Y2 


3ax, 3by, 3cz, bz + 2fy, cæ +2gz, ay+2hx, cy+2fz, az+2gx, bz 2hy, fe+ gy + hz — kw. 
49—2 
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Write as before (A, B, C, F, G, H) for the inverse coefficients (A — bc — f?, &c.), and 
K — abc — af? — bg? — ch? + 2fgh; and moreover 
® =(A, B,.O, F, G, Hijo, y, zy, 
P = Ax + Hy + Gz, 
Q = Hz + By + Fz, 
R = Ga + Fy + Cz, 
t = fæ + gy + hz, 
U — afyz + bgzæ + chay, 
V = 2Kayz — aPyz — bQzæ —c Ray 
= — a Hy’z — b Fex—c Gay 
— a Gyz? — b Hza? — c Fay? 
+ (— abc — af? — bg? — ch? + 4fgh) xyz, 
W=(A, B, C, F, G, HYayz, bzw, cay), 
L = k?u*?— 2ktw-— ®, 
M=kwU+YV, 
N = 2kabc ayzw+ W: 


54, Then the invariants of the ternary cubic are 


S = P — 12kw M, 
T = I? — 18kw LM — 54kw?N ; 


and the required equation of the reciprocal surface is 


Tosa lL- 12kwMy-— (L — 18kwLM — 54kw’ NY} =0, 
viz. this is 
02 “EN = LS -—2ktw —P) (2kabc ayzw + W) 
+ PM? + (kw? — 2ktw — y (kwU + Vy 
— 18kwLMN — 18kw (kw? — 2ktw — D) (kw U + V) (2kabc zyzw + W) 
— 16kwM? — 16kw (kwU + Vy 


— 27 làw* N* — 27 kw? (2habe ayzw + W y, 
which, arranged in powers of kw, is as follows; viz. we have 
Coeff. (kw) = abe rus, 

(kw) —  2abc xayz (— 6t) + W 
+ US 

(kw) — abe ruz (— 3D + 124) + W (— 6t) 
+ U*(—40) + 2UV 
— 36abc puz U. 
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(kwy = abe wyz (12th — 8t*) + W (— 30 + 121%) 
+ U*(- 20 + 40) + 20 V (— 4t) + V? 
— 36abc zyz V — 18U W +72abc ayztU 
— 16U* 
— 108ab*c? x2", 
(kw? =  2abcayz (34 — 12D) + W (12t — 8t) 
+ Utb --2U V (— 20 + 41?) + V? (— 4t) 
— 18V W +72abc ayzt V + 36tUW — 36abc ayzbU 
—48U*V 
— 108abc xyz W, 


» (kwy-  2abcayz(— 6t®) + W (34» — 12°) 
+ U*d? + 2UV (4t) + V* (— 20 + 4t?) 
+ 36tV W — 36abc zyzb V — 18b U W 
— 48U V* 
— 27 We, 
» (kwy= abe xyz (— *) + W (— 6tby 
+ 2UV9* + V* (4td) 
— 18V W 
— 16V%, 
» (kw)? = W (- d») 
+ V*od»; 
but I have not carried the ultimate reduction further than in Schláfli, viz. I give 
only the terms in (kw, (kw), (kw), and (kw). 


55. I present the result as follows; the coefficients deducible from those which 
precede, by mere cyclical permutations of the letters a, b, c and f, g, h, are indicated 


by GJ. 
0 =(kw)’ . 2abe xyz 
y»? zh? ay aya ayz aya 
+ (kw) E abe E 1 ” ” abef E 14 ” ” 
gcbh + 4 


yo se ve su ey. ey: vyz aya aye aye xyz yz 
| 
abeg — 6 | a?bch — 6| ,, P 9 » | abc? — 6| ,, » | 4 -32 | E 


+ (kw). 
acfh+2 | abfg + 2 abef? + 42 abcfgh + 64 
Ug? + 2 abfg? — 24 
| bch? + 2 acfh? —94 


befgh — 24 af*gh + 8 


Ladi ta E h d Z aribo Lolo ote EH PTT B DER bui thane | egi 


E (kw) .— K[(4, B, C, F, G, HY, y, zy |! (cy? — 2fyz + bz?) (az? — 2gzu + ba?) (ba? —2hay + ay’). 
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56. In explanation of the discussion of the reciprocal surface, it is convenient to 
remark that we have 
Node C,, X=0, Y=0; Z=0. 


| Reciprocal plane is w=0. 
Tangent cone is Conic of contact is 


(a, b, 6 9, hax, Y. ZY =0. (A, B, C, F, G, LE y, z}ř=0, w=0. 
Nodal rays are sections of cone by planes Lines are tangents of this conic from points 
X=0, Y =0, Z=0 respectively, viz. equa- | (y=0, 220), (z20, «=0), (20, y=0) 


tions of the rays are respectively, viz. equations are 
X=0, bY?+2fYZ +c? =0, w=0, cy? —2fyz +b2? =0, 
Y =0, cZ? -2g2X +aX?=0, w=0, az -— 2gzx + ca? =0, 
Z =0, aX?+2hXVY+bY?=0. w=0, bæ — 2hxy + ay? — 0. 


57. The equation shows that the section by the plane w=0 is made up of the 
conic (A, B, C, F, G, Hc, y, 2) 20, twice, and of the six lines, tangents to this conic, 
viz. the lines 

w=0, cy? — 2fyz +b2 =0, 

w=0, az -— 2g2x0 + ca? =0, 

w=0, ba?— 2hxy + ay?=0, 
each once; the lines in question (reciprocals of the nodal rays) are thus mere scrolar 
lines on the reciprocal surface. 


58. I do not attempt to put in evidence the nodal curve of the surface; by 
what precedes it is made up of 15 lines, intersecting 3 together in 15 points; and 
if we denote the six tangents of the conic just referred to by 


1, 2, 3, 4, 5, 6, 


then the fifteen lines are respectively lines passing through the intersections of each 
pair of these tangents; viz. through the intersection of the tangents 1 and 2, we have 
a line 12; and so in other cases; that is, the 15 lines are 12, 13....56. The lines 
12 and 34 meet; and the lines 12, 34, 56 meet in a point; we have thus the 15 
points 12.34.56, triple points of the nodal curve. 


59. As regards the cuspidal curve, the equation of the surface may be written 


(L? — 12bw M) (4M? + 3LN)— (LM + 9kwN y 
=3 (LW + EN — 18kw LM N — 16kwM" — 27kw N”) = 0, 
and we thus have 
4M* + 3LN =0, 
LM + 9kwN 20, 
LS —12kwM=0, 


|a 12M, —9N m 

kw, dy, M 

(equivalent to two equations) for the equations of the cuspidal curve. Attending to 
the second and third equations, the cuspidal curve may be considered as the residual 


intersection of the quartic and quintic surfaces L?— 19kwM —0, LM+9kwN — 0, which 
partially intersect in the conic w=0, L=0; or say it is a curve 4x 5-2; c—18. 


or, what is the same thing, 


www.rcin.org.pl 


412] A MEMOIR ON CUBIC SURFACES. 391 


Section III = 12 — B,. 
Article Nos. 60 to 72. Equation 2W(X + Y -- Z)(LX +mY+nZ) + 2X YZ — 0. 


60. The system of lines and planes is at once deduced from that belonging to 
II212— C, by supposing the tangent cone to reduce itself to the pair of biplanes; 
3 of the planes (a) of II =12— C, thus coming to coincide with the one biplane, and 
three of them with the other biplane. 


61. The diagram is 


Biplanes. 


456 
14 
15 
16 
24 
3 Biradial planes each con- 
g Y 
S 25 |9x3=27 . taining a ray 1, 2, or 3 
ei E of the one biplane, and 
a a ray 4, 5, or 6 of the 
26 x i other biplane. 
34 " : 
35 : P 
36 LI U 
14.25.36 . . . 
14.26.35 . . ° 
15.26.34 | 6x1=6 r k " Planes each containing 
15.24.36 e A " | three mere lines. 
16.24.35 . lp | 
16.25.84 | i7 45 . . | 
| 
otc T | soe a | 
Seo | &2° $ 
P S | Z 9 au » 
EE | NEL 
RE | A gT w 
E fu y 
ES "PESE 
38 SRA 
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62. Taking X+Y+2Z=0 for the biplane that contains the rays 1, 2, 3, and 
IX+mY+nZ=0 for that which contains the rays 4, 5, 6, we may take X —0, Y=0, 
Z=0 for the equations of the planes [14], [25], [36] respectively; and then writing 


for shortness 
m-n, n—l, l-m=h, p, v, 


and assuming, as we may do, k=2Apuv, so that the equation of the surface is 
W (X 4- Y +2) (LX 4-mY + nZ) + (m — 2) (n DU — m) X YZ — 0, 


the equations of the 17 distinct planes are 


A [14] 

y «0, [25] 

Zu [36] 

X+ Y+ Z=0, [123] 
IX+mY+n2=0, [456] 

LX + nY+nZ=0, [15] 

IX + nY 4 nZ — 0, [16] 

LX - mY 4 1Z=0, [25] 
nX 4 mY -- nZ - 0, [26] 
mX 4 mY 4 nZ -— 0, [35] 

IX + lY+nZ=0, [36] 

W=0, [14.25.36] 

W+ iXX —0, [14.26.35] 

W + mu Y — 0, [16.25.34] 

W+ nvZ — 0, [15.24.36] 


ImX +mnY + nlZ+ W —0, [15.26.34] 
nlX + ImY + mnZ — W=0, [16.24.35] 
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63. And the coordinates of the fifteen distinct lines are 


Y+Z=0 


0 0 0 
0 0 0 1 0 -1 (2) Y=0,Z+X=0 
0 0 0 -1 1 0 (3) Z=0, X+Y=0 
0 0 0 0 -n m (4) X=0, mY +nZ=0 
0 n 0 -l (5) Y=0,2n2 +1X=0 
0 -m l 0 Z=0, LX +mY=0 
0 0 0 (14) X=0, W-0 
0 0 0 0 | (25) Y =0, W=0 
0 0 ok 0 0° 0 | (36) Z=0, W=0 
L n n ny — nlv 0 (15 (X+nVinZ=0, W-nvZ-0 | 
l m m — Mu 0 imp (16) (X+mY+mZ=0, eap | 
l m l 0 PA | bnn | (26) IX+mY+1Z=0, W+rX=0. "un: | 
n m n mny | -nv 0 (24) nX+mY+nZ=0, W+nvZ=0 | 
m m n — mnp 0 mp (34) ds Ta o Frita 0 
L i n 0 nl — PA (35) I1X4+1Y 4nZ=0, W-IA.X«0 


64. The rays are not, the mere lines are, facultative; hence b’=p’=9: ¢ =6. 
65. The equation of the Hessian surface is 

—W(X--Y-4Z)(X 4+4mY+n2Z)(uvX + vAY + AZ) 

— k (PB.X* + m: Y* + i Z5 — 2mn Y?Z? — 241Z? X? — 2mX* Y?) 

T EX YZ ((P + 3lm + 3ln + mn) X +(m*+ 3mn + 3ml + nl) Y + (n? + 3l + 3nm + ln) Z} — 0. 
The Hessian and cubic surfaces intersect in an indecomposable curve, which is the 
spinode curve; that is, spinode curve is a complete intersection 3 x 4; c'— 12. 

The equations may be written in the simplified form 

W(X +L FL EUA -mY t-nZ) +kXYZ=0, 
DPX* m? Y* + weZ — 2 mnY?Z: — 2nlZ*X* — Am X? Y? 
— 4X YZ (l (m+n) X +m(n+1) Y - n(l - m) Z] = 
We may also obtain the equation 
ke (X + Y 42) ((X4mY + nZ) LX? +mY* + nZ: — (m+n) YZ — (n- D) ZX — (L- m) XY] 

HAYZ 4+ 22X24 XY? — 2X VZ (pv X + vA + rAwZ) = 0, 

GEYL 50 
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which shows that there is at B, an eightfold point, the tangents being given by 
(X L Y +2) (1X +mY +nZ) =0, 
(A2, p2, 2, — uv, — và, — AU YZ, ZX, XYy —-0. 


Each of the facultative lines is a double tangent of the spinode curve; whence f'=18. 


Reciprocal Surface. 


66. The equation may be deduced from that for II — 12 — C,, viz. writing 


(a, b, c, f, g, AUX, Y, Zy 2 2(X - Y - Z)(lX + mY 4 nZ), 
that is 
(a, 5, c, J, 9, ^) = (9l, 2m, 2n, m+n, n+l, L-- m), 


we have 


(A, B, O, P, 0, R (NS. uM v5 ur. ; v. Ms); H =O. 


Writing also 
X p, v=m—n, n—l, l—m as before, 


AL + uy +12 =o, 
lmn xyz = 6, 


l (m -- n) yz -- m (n 4- D) zo +n (L4- m) xy — v, 


IN yz + mp za + nv sy =, 
(m+njar (n+l)y+ (l+m)z=t, 
we have 
U= 2v, Ve 201, W=- 4, 
and thon 


L=lw*—2ktw+0% M —2(kwv + oy), “N = 4 (4lmnkeyzw — 4°); 


so that the equation is 


Qs DN = 4 (kw? — 2kwt + o} (4kw0 — y?) 
+ LM? + 4(k*w? — 2kwt + oY (hwy + ow)? 
- 18kwLMN — 144 kw (kw? — 2kwt + a?) (kwu + ow) (kw0 — 4°) 
—l6kw M? — 128 kw (kwv + op) 
— 27kw? N? — 432 kw? (kw0 — 4?) ; 


or reducing the first two terms so as to throw out from the whole equation the 
factor kw, the equation is 


&I? (0L + (v — 4°) kw + 24 (ty + ve)) —18LMN — 16M — 27hwN? — 0 
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or, what is the same thing, it is 
(ku? — 2kwt + 0?) {kw + kw (— 240 + v? — 4°) + a*0 + 2ouw + 2t? 
— 36 (kw? — 2kwt + a?) (kwv + ow) (4kw0 — 4°) 


— 32 (kwu + oy)’ 
— 108kw (4kw0 — 4°} = 0. 
67. This is 
(kw). 0 


+ (kwy .— y? — 6t0 + v? 
+ (kw). 0*.30+0Y.2u L y”. 6t + 1200 — 4t? — 1440v 
+ (hw). — 20%? + o? (2v? — 10t0) + oy (— 8tv — 1440) + 4? (— 128? + 36v) 
— 800 + 4(*v* + 288tv0 — 32v — 17280* 
+ (kw). of 804+ o%p. 4v + oj? . 12 + ox? . 37 
+ o° (1200 — 4t? — 1440v) + oy (+ S?v + 28810 — 96v?) + Y° (80 — 72tv + 8640) 
+ (kw) . — of? + of (— 6t0 + v9) + op (— Stu — 1440) 
+ aj? (— St — 90v) + exp? . — 72 + 4. — 108 
+ (kwy. o°(0, 2v, 2, 4o, yy) — 0, 
which, reducing the last term, is 
(kw) lmnayz 


L daU (y — 2) (z — 2) (æ — y) (ny — mz) (lz — nx) (ma — ly) = 0. 


68. I verify the last term in the particular case z=0 as follows: the coefficient. 
of a* is 
(0, 2n(l+m)ay, 2(m+n)a+2(n+l)y, XHM L py, nvay), 
which is 
= 2n*vary? IU + m) (Aw + uy + [(m +n) æ + (n +1) y] (w + pry) + 2nv*2y) 


= 2n*va*y ([(U+m) A+ (m +n) v] Az? 
+ [2(1 + m) Xp + (m+n) py + (n +1) vA + 2nv] sy 
+ [C+ m) p + (n D v] uy”, 
which, substituting for X, p, v their values m — n, n — l, l— m, is 
= Sau. — SX (£ — y) (ma — ly); 
or for z=0 the coefficient of a* is 
= — 4x nta*y (z — y) (ma — Ly), 
agreeing with the general value 


—4Xuv (y — 2) (z — 2) (s — y) (ny — mz) (lz — no) (la — my). 
50—2 
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69. In the discussion of the equation it is convenient to write down the relations 
of the two surfaces, thus: 


Cubic surface. Reciprocal surface. 
Bi, 4=0, Y=0, Z=0 Plane w= 0, 
Biplanes X+ Y+ Z=0 Points in w — 0, viz. 
LX +mY+nZ= 0, PEJE SLIM, 
intersecting in edge. in line (m —2) z -- (n — 0) y 4- (L—m)z- 0, 
that is, Az + uy L vz — 0, or e — 0. 
Rays in first biplane, Lines in plane w=0, and through first 
X20, Y+Z=0; Y20, 2+ X —0, point, viz. 
Z=0, X 4, Y =0; y—2=0, 2-2=0, -y=0; 
rays in second biplane, lines through second point, viz. 
X=0, mY+nZ=0; Y=0, nZ+1X=0, ny —mz=0, nze—la=0, la—my=0. 


Z =0, LX -mY — 0. 

70. The equation puts in evidence the section by the plane w — O0, viz. this is 
the line < — 0 (reciprocal of the edge) three times, and the six lines (reciprocals of 
the rays) each once. Observe that the edge is not a line on the cubic; but its 
reciprocal is a line, and that an oscular line on the reciprocal surface; the six lines 
(reciprocals of the rays) are mere scrolar lines on the reciprocal surface; they pass, 
three of them, through the point z=y=z, and the other three through the point 
æ:y:z=l:m : n; that is they are six tangents of the point-pair (reciprocal of the 
pair of biplanes) formed by these two points. 

71. I do not attempt to put in evidence the nodal curve on the surface; by 
what precedes it consists of 9 lines, reciprocals of the mere lines. If we denote by 
1, 2, 3 and 4, 5, 6 the lines which pass through the points =0, y=0, z=0 and 
through the point æ : y:z=1: m : n respectively, then these intersect in the nine 
points 14, 15, 16, 24, 25, 26, 34, 35, 36; and through each of these there passes a 
nodal line which may be represented by the same symbol; that is, we have the nodal 
lines 14,....36. Two lines such as 14, 25 meet; and three lines such as 14, 25, 36 
meet in a point; we have thus the six points 14.25.36 &c. triple points on the 
nodal curve; as before, b'=9, t — 6. 


72, The cuspidal curve is given by the equations 
kw? — 2kwt +0? 24(kwut+oyp), —36 (4lmnk syzw — y?) || — 0. 
l kw , Ku? — 2kwt +0, 2 (kwu + ow) | 
Writing down the two equations, 
(ku? — 2kwt + 0°)? — 24kw (kwv + ay) — 0, 
(kw? — 2kwt + o°) (kwv + ovr) + 18w (lmnk vyzw — 4°) = 0, 


these are respectively of the orders 4 and 5; but they intersect in the line w=0, 
o=0 taken four times, or say, the cuspidal curve is a partial intersection 4.5 —4; 
c' = 16. 
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Article Nos. 73 to 84. Equation WXZ + Y?*(yZ -- 8W)-- (a, b, c, d$ X, Yy—0. 


73. The diagram of the lines is 


Qo Y N A pap 
— A w — ow bo Lines. 
pa tt TRT E Uo 
R sk oj Fe he we R R eR mœ DY a 
IV=12-2C,. t ba " | 
Eas U 4 
ll | ll 
S| e | > 
n | 
22 | k | 
4x4=16 ^ ; | 
33' : i | 
44! " : | 
19 . . . 
13 . . . 
14 . . . 
á 23 L he di 
3 24 . LJ . 
P4 LJ 
84 . . . 
12 x 2=24 -= sii 
1/2’ . . ^ 
13’ . . . 
1'4' . . . 
23 . . . 
9/4! B . . 
3'4' . . . 
12.34 dw : 
18.24 | 8x12 3 » x 
14.23 | 20 45 "UT 
TT "mr : 
SATA TAG Z 
5 E E 3 4 á. k M. 
07, 23282 LO wr = 
SETE S KR Z 
"BBESS B ER 
oB? o? gu 
| o Mo mS oo 
1 er et co -— 
| Se eS $5.8, 


| 
| 
| 
| 
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OMY eq, YINOIYI ‘SILY 


| 
| 


Plane touching along 
axis. 


Planes through axis, 
each containing a 
ray of the one node 
and a ray of the 


j other node. 


Biradial planes, each 
containing two rays 
of the one node or 
two rays of the other 
node, 


Planes each contain- 
ing three mere lines. 
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74. Writing X (a, b, c, dX X, Yy—y8Y*2 — 8 (FX — YY(f.X - YYX f,X — Y Af X - Y), 


the 20 planes are 


X=0, [ 0] 

X AY =, [11] 

FO [227 

X — f,Y =0, [33] 

X -£Y-90, [44] 
TE - TA gE se [12] 
MAA [13] 
S(X-—(£+f)Y]-££,Z =0, [14] 
X= PHOTO [23] 
EIS (40) Mao tee SV. [24] 

SIX == +07) -ELZ 0, [34] 

y1X —( E Y)- 4E We 0, [12] 

y(X—(£+f) Y] -&&W — 0, [13] 

x LE 26207) EK WL, [14] 

y (X —(£ +£) Y] -&&W =0, [237 

y [X — (& 4 £) Y] —££,W=0, [247] 

y (X — (& 4 £) Y] - ff, W — 0, [34] 
BL T pp) X+dy+yZ+8W=0, [12.34] 
Bl + + pp) X + dy +724 8W = 0, [13.24] 
BL + gg) X +dy+ yZ B - 0, [14.23] 


75. And the 16 lines are 


e | 6| 0| J|o | (h) 
| 0 0 0 0 Be hd 

5 0 0 D Wome 24 

0 0 0 f? LPS A 

HT. ob S asco oa 
|. X » RL ou. um cd 
| 0 | 0 0 | 


whence equations may be written 


(0) 


Xap ¥ = 0 
(5) X=0, d¥+yZ+8W=0 
(D 5 L 7 3 T 
(2) » " 
(3) E w 
(4) " ^ 
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(a) | (0) (c) (f) () | Q9) 

AP usa 0 0 «idc Loy x L T ah 4520 
A — f? 0 0 0 Y (2) w 

f T 0 0 0 Y (3) - » 

f, -f 0 0 g^ [ers A : 

3 11 boa pt E asy B iod i 
Tint (rz) : ~y (+z) KL | ff, IAT f, A3 von ala 

3 1 Jj H ddan vedi: ds dt odi xi m 
~ ff dre 1 -y(z*g) Li ler) mita (13.245 ,, 

8 6 5) 1 3 af ob. zt 3) art E) "R 
-m | rotar | ee LEE Z) eig E) | Oe 

8 m um z) A PAG 5) 1 (1 *) 04 
E gez) paper gli e ogg Yal R YC) 0310» 

8 | a) Is Z (GG à 
-FF AO or) AE E nete) N 

ô 1 3 G 4 MS G Z 1 sl 3 i 
E Wart) [1 | “Wate e| ee t) tru ni» 


*equations are 
6(X-(f£) Y] -££Z-0, y(X LLL Y] —f,f, W=0, 


[and similarly for each of the remaining five lines]. 


76. To verify the equations of the line 12 . 34, observe that the two equations give 


y£ + BW= 9B 1X (Get i) - rr 


ACELERADO MP: 
f f f f, 


the equation of the surface, multiplying by X and observing that —y8=af,fofif,, 
becomes l Z 


YAE + XY (y Z+8W)+y8Y ¿Y 
LLL 


f (X -£Y)(X -£Y)(X-£Y)(X -£,Y)=0; 
4 
and substituting the values just obtained, this is 
A? [X — (f, - £) Y][X — (& + £) Y]-- XY? [X (£f, -- j£) Y (£f, + fff, £f f, + ££ f.)] 
TÉf£fY,—-(X—-£fY)X-£hY)(X—-£fY)(X-fY)-0, 
which is in fact an identity. 


77. The facultative lines are the transversal and the six mere lines; b’=p’=7; 
pt 
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78. The equation of the Hessian surface is found to be 
(y¥Z+ èW) XZW + Y*(y2-8W)+3(cX +dY) XZW +12y8X Y* (aX + bY) 
— (yZ -- 8W) (3a.X* + 90X*Y + 6cX Y?) 
— 9X? ((ac — b?) X? + (ad — bc) XY + (bd FS = 0. 
79. Combining with the foregoing the equation of the surface 
XZW + Y* (qZ L 9W) - (a, b, c, dd X, Yy —0, 


it appears that these have along the line X —0, Y=0 the common tangent plane 
X —0, or, what is the same thing, that they meet in the line X —0, Y —0 (the axis) 
twice, and in a residual curve of the tenth order, which is the spinode curve; the 
equations may be presented in the somewhat more simple form 


XZW + Y: (qZ - 8W)4- (a, b, c, dX, Yy—0, 
— Ay8Y*ZW — 4 (yZ -- 8W) (a, b, c, dij X, YY +12y8X Y? (aX + bY) 
+ X* (— 12ac + 90%) — 3d (4aX3Y + 60X*Y? + 4cX Y? + dY*) — 0, 


which, however, still contain the line X 20, Y —0 twice. The spinode curve, as just 
mentioned, is of the tenth order; that is, we have c'-— 10. 


Each of the 6 mere lines is a double tangent to the spinode curve, but the 
transversal is only a single tangent: to show this, observe that the equations of the 
transversal are X —0, y¥Z+5W+dY=0; substituting in the equations of the curve 
the first equation, that of the cubic surface is of course satisfied identically; for the 
second equation, writing X —0, this becomes Y?[— 4y8ZW — 4d Y (yZ + 8W)-— 3d*Y?) «0; 
or writing herein dY=—(yZ+6W), it becomes Y*(y4—S8W)?=0. The value Y?=0 
gives X 20, Y=0, yZ--5W —0, viz. this is a point on the axis X=0, Y —0 not 
belonging to the spinode curve; the value (y4—0W)=0 gives a point of contact 
X 20, yZ+8W+dY=0, yZ—9W —0; and the transversal is thus a single tangent. 
Hence the number of contacts is 2.6-- 1, —13; that is, we have 8’ =13. 


Reciprocal Surface. 


80. The equation is found by equating to zero the discriminant of the binary 
quartic | 


(c X? + y X Y — (8z + yw) Y?) + 4Zw (X (a, b, c, d$ X, Yy —y8Y*, 
or say this is (+4 X, Y n. where the coefficients are 
62? + 24azw, 
Bay + 18bzw, 
y? — 2 (82 + yw) æ + 12czw, 
—3 (02 + yw) y + 6dzw, 
6 (82 — yw). 
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81. Forming the invariants, these are 


1 < AfRO 24U ew + 144u2w, 


— J = A*--36AUzw + 216 Vzw? + 864vz*w?, 
where 


A = y? + 4 (02 + yw) x, 
U = 2y81* + 2a (82 — yw) + 3by (82 + yw) + c[y? — 2 (82 + yw) x] — day, 


V= (—8ac + 90?) (82 — yw? 
+ (2c? — bd) [y? — 2 (82 + yw) x] 
+ (— 4ad + 6bc) y (82 + yw) 
— 2cd ay 
+ da? 
+ 4y9 (2ca* — 3bay + ay’), 
p= c -— bd, 


v = ad? — 2bcd + 26, 
and the equation is 
iA ((A24 24 Uzw + 144u2w*) — (A? + 36A Uzw + 216 Vztu? + 864v2*w*y] = 0; 
or, expanding, this is 
Au — AV + ASUS 
+ 42w(  —A*wv+12A*U4-—9AUV + 8U”) 


+ 362%w* ( 4A*p? —4AUv +16U*u —3V?) 
+ 8642w( 4Up*— Vv) 
+ 17282*w* ( 4p? — y?) =0, 


where observe that the value of 
4u*— 1?, =4 (bd — eY — (ad? — 3bed + 2c*)? is = — d? (œd? + 4ac* + Abd — 3b** — babed). 
82. It is convenient to modify the form of the equation as follows; write 


U, = U + 8ayózw, V, = V + (— 8ac + 9b?) yózw, 


so that 

A =Y +4 (02 + yw) z, 

U, = — 2yda* + 2a (82 + yw) + 3by (92 + yw) + c [y? — 2 (82 + yw) s] — day, 

Vi= (—8ac + 90?) (82 + ywy 
+ (2c? — bd) [y? — 2 (èz + yw) a] 
+ (— 4ad + 6bc) y (èz + yw) 

| — 2cday 

+ dea 2 
+ lañ (2065 — 3bæy + ay’), 

p= hd. 

v= ať -—?bed + 26, 

Oo. FE 51 
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A, U,, V, being, it will be observed, functions of æ, y, 82+yw. The transformed 
equation is 
A?(A?y — AV, + U?) + Qzw=0, 


where the term Q may be calculated without difficulty: the first term of this is 


= fy? + 4 (èz + yw) s}. 48? [æ + fiy — £2(82 + yw)] .. [o + fiy — £2 (82 + yw)], 
the developed expressions of l(A*u — AV,-- U’) and of y?8* into the product of the 
linear factors being in fact each 

= a, od? L ay. dyd + æy. — 3oy8 + xy? . 3by8 + yt. — ayè 

+ [2 (— d? — 6cry9) + ay (3cd + 9b»8) + wy? (— 3bd — 4ay8) + y?. ad] (dz + yw) 

+ [22 (9? — 6bd — 2ay) + xy (Bad — 9bc) + y?. 3ac] (82 + yw)? 

+ [æ (6ac — 90?) + y . Sab] (8z + yw) 

+ 020%. (82 + yw). 
The form puts in evidence the section by the plane w= 0, which is the reciprocal of 
the node D. viz. this is a conic (the reciprocal of the tangent cone) twice, and four 


lines, the reciprocals of the nodal rays, each once. And similarly for the section by 
the plane z=0. 


83. The nodal curve is made up of the limes which are the reciprocals of the 
six mere lines and the transversal; viz. we have three pairs of lines and a seventh 
line, the lines of each pair intersecting at a point of the seventh line, and these 
three points being the triple points of the nodal curve; £ =3 as before. 


84. The equations of the cuspidal curve are at once reduced to the form 


A? +24Uzw + 144uz^w? = 0, 
AU + (18V — 124 A) zw + 72v2*w? = 0, 


which are two quartic surfaces having in common the conics 2—0, A=0, and w — 0, 
A=0; or we may say that the cuspidal curve is a curve 4.4—2-—2; that is c' — 12. 
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Section V = 12 — B,. 


Article Nos. 85 to 94. Equation WXZ+(X+2Z)(Y*- aX? DE « 0. 
85. The diagram of the lines and planes is 


bo 
t2 
V=12-B,. 
al 
o 
bw 
-1 
12 | 
11 2x12=24 
1x 3= 3 
11* 
SE L. a 
ES 
q 
E 
29° 
11.92 12% -1= 9 
12’.21’ |9 


86. The planes are 


Lines. 
L) = 
A A m E 
x X x x 
— A = for) 
Il Il ll Il 
[un 
e eo la lez] 
Biplanes containing 
rays 1, 2 and 1’, 2 
respectively. 

! Planetouchingalong 
edge and contain- 
ingthe transversal. 

Biradial planes each 
containing & ray 
of the one and a 
ray of the other 
biplane. 
Planes each through 
the transversal. 
z Ed H| œ 
as e etn [7 
2 O 82/8 
a: v ET tes Ds 
5 E. 1 EE 
E Zo Aes 
SE p = 
B e o E 
oe & 
ESI ES 
oe o E 
SE EE 
So ceo | 
X=0, [12 
Z «0, o TS 
X+Z=0, [0] 
—-XvVa+Y-Zvb=0, [11] 
XVa4-Y-ZwWb-0, [12] 
—Xva+Y+Zvb=0, [21] 
XVa+V+Zvb=0, [22] 
Vab(X+Z)+W=0, [11.22] 
—2Vab(X+Z)+W=0, [12.21] 


51—2 


www.rcin.org.pl 


403 


404 A MEMOIR ON CUBIC SURFACES. [412 


87. And the lines are 


a b c y g | h equations may be written 


0 0 0 0 1 B: (3) X20, 220 
1 0 1 0 0 0 (4) A+4£E0, W=0 
0 0 9 [29 Vb 1 (0. X-0 Y-ZwWb-0 
0 0 D II — vb 1 (2) X-0 Y+2Zvb=0 
| 0 0 0 | 1 Va 0 (1) Z=0,-XvVa+Y=0 
"EE. 0 0 | 1 - Va 0 | (2) Z-0, XvVa+Y=0 
| 1 1 1 | wh 
NM JM KAT 2 2( Wa- wb) - 2 (11) but for the other lines the 
| b ab ioi | coordinate expressions are 
1 1 1 v E the more convenient. 
-— | -— —- | € Y ey pe y 
| T Jä KG | 2 2 (— Va — Nb) ad cr 
1 1 1 S ^ 
ui 2 ; — 2 21’ 
Vi 73 ve 3( Ve Nb) (21) 
Toor r Z | dg 2 (- Va L Nb 2 | (32 
| Vh fab Wa (- Va + Nb) e (22^) 


88. The four mere lines and the transversal are each facultative; the edge is 
also facultative, counting twice; p'—b' —T, t—3. 

That the edge is as stated a facultative line counting twice, I discovered, and 
accept, à posteriori, from the circumstance that on the reciprocal surface the reciprocal 
of the edge is (as will be shown) a tacnodal line, that is, a double line with 
coincident tangent planes, counting twice as a nodal line Reverting to the cubic 
surface, I notice that the section by an arbitrary plane through the edge consists of 
the edge and of a conic touching the edge at the biplanar point; by what precedes 
it appears that the arbitrary plane is to be considered, and that twice, as a node- 
couple plane of the surface: I do not attempt to further explain this. 


89. Hessian surface. The equation is 
(X + Z) XZW +(X — ZyY? - (X - Z) (3a, —a, —b, 3býX, ZP=0. 
Combining with the equation 
XZW + (X -Z)(Y* - aX? — bZ») = 0, 
and observing that from the two equations we deduce 
— XZY? - (X + Z) (aX* - bZ*) — 0, 


it appears that the complete intersection of the Hessian and the surface is made up 
of the line X 20, Z=0 (the edge) twice (that is, the two surfaces touch along the 
edge), and of a curve of the tenth order, which is the spinode curve; c'- 10. 
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The equations of the spinode curve may be presented in the form 
| XZ, aX?+bZ*- Y?, aX* +02 pe 
| X +12, W , y 


it is a curve 3.4— 2, the partial intersection of a quartic and a cubic surface which 
touch along a line. 


The binode is on the spinode curve a singular point; through it we have two 
branches represented in the vicinity thereof by the equations 


K RATH v (Ge -¥ me (9) 


respectively. 


90. The edge counted once is regarded as a double tangent of the spinode 
curve (I do not understand this, there is apparently a higher tangency); each of the 
four mere lines is a double tangent; the transversal is a single tangent; hence 
8'22.2--2.4--1, =13. 


Reciprocal Surface. 


91. The equation is found by equating to zero the discriminant of the binary 
quartic 


PX22 + 4w (Xa + Ze) XZ (X + Z) + 4? (aX? + MP) (X + ZY, 


viz. multiplying by 6 to avoid fractions, and calling the function (+ý X, Z}, the coeffi- 


cients are 
24aw?, 


6w (x + 2aw), 
y? 4 (aod z) w 4-4 (a4 b)w, 
6w (z + 2bw), 
24bw? ; 
and then writing 
L =Y9+4(2+2)w+4(a+ bd) ur, 
M= 4{az+2(ba+az) w), | 
AE e N = 16aby? — ba? — ay’, 
11 = P -—12w:M, 
—J-—lI?-—18wLM —54w*N, 
and then the equation is 
E za (Ue — 12M y — (L — 1802 LM — 54u^N y] = 0, 
viz. it is 


EN + PM? —18wLMN — 16: M* — 97w! N? = 0. 
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92. This, completely developed, is 
64w*.ab(a+by ((a + b) y? — (v — zy] 
+ 32w*.2ab ( 3(a-- b) [(a — 2b) x -- (— 2a +b) z] y? 
1 (a — zy [(— 3a + 5b) « + (5a — 3b) z] 
+ 16w* ( 3ab (a?— Tab + b?) y* 
+ [b (9a? + 26ab — b?) a? — 26ab (a + b) az +a (— a? + 26ab + 9b?) 2°] y? 
| + (2— zy [b (— 12a + b) a? + 22abaz + a (a — 12b) 2°] 
+ 8wí( 3ab[(2a—b)z-r (— a+ 2b) 2] y* 
+ [b (— 2a + 5b) a + b (3a — 2b) az + a (— 2a + 3b) ez? + a (5a — 20) 2] y? 
+ 2 (x — zy [— 2bæ + ba?z + axz? — 2ay*] 
+ 4w? 3ab(a+b)y* 
+ [b(9a—2b) a? + Sabaz + a (— 2a + 9b) 2] y* 
+ 2 [— 6bat + ba?z — (a + b) 22 + asz? — baz] y? 
+ 4a2 (a — zy 


+ 2w 2ab (æ + 2) y? 


— [Sba* + 2ba?z + 2awz + 8az*] y* 
+ 4a%2 (m +2) y? 
+ y (ay? — æ) (cy — 2) = 0, 


where we see that the section by the plane w=0 (reciprocal of B,) is made up of 
the line w=0, y=0 (reciprocal of the edge) four times, and of the lines w=0, 
ay?—a=0; w=0, by?—2=0 (reciprocals of the rays) each once. 


93. The surface contains the line y=0, w=0 (reciprocal of the edge); and if we 
attend only to the terms of the lowest order in y, w, viz. 


de {16 (æ — zy wu? +8 (a2) yu + y); 


which terms equated to zero give 

xp — NL 2 

rà Ope p ^ - 
we see that the line in question (y —0, w=0) is a tacnodal line on the surface, the 
tacnodal plane being w=0, a fixed plane for all points of the line: it has already 
been seen that this plane meets the surface in the line taken 4 times; every other 
plane through the line meets the surface in the line taken twice. We have in what 
precedes the @ posteriori proof that in the cubic surface the edge is a facultative line 
to be counted twice. 


94. Cuspidal curve. The equation of the surface may be written 


(Le — 124? M) (427 + 3LN) - (LM + 9w Ny =0, 
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and we thus have 4M? + 3 LN = 0, 
IM+ wN=0, 
I? — 19w?M = 0, 


or, what is the same thing, 
L, 19M, —9N 


wr, L, M 


for the equation of the cuspidal curve. Attending to the second and third equations, 
these are quartics having in common w*=0, L=0, that is, the line y=0, w=0 four 
times; or the cuspidal curve is a partial intersection 4x 4—4: c'— 12. 


da 


Article Nos. 95 to 102. Equation WXZ + Y*Z + (a, b, c, d$ X, Y) =0. 
95. The diagram of the lines and planes is 


Biradial planes of the binode, 
each containing ray of axial 
biplane and a ray of other bi- 
plane. 


e e -- Lines 
Pan Pte Ei Re 12 Pi oS = oa 
VI=12- B, - Co. a 2 m i “ae l TET | - | 
ml x x x | x x | 
EPA y ge: EE F 
bd 1 
> + + | Biplane touching along axis, and 
0 | 1x6= 6 | | | . containing transversal ray. 
OO | UTxX6=6 | | A URB | Other biplane. 
| -—-— — » * TEA E Puen — 
22' | 
| | 
33 | 3x6=18 | . | . containing a ray of the binode 
| . and a ray of the cnienode. 
44’ Pos ‘ifs 
g Ty EST is AP 
H i 
E: 1 
1 
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96. Writing (a, b, c, d$ X, Yy ——d(0,X — Y) (6,X — Y)(0,X — Y), the planes are 
X =0, [0] 

Z — 0, [00] 

0.X — Y =0, [22] 

0X — Y =0, [337] 

0X — Y =0, [44] 

d (0X — Y)-Z=0, [12] 

d(0,X —Y)—Z=0, [13] 

d(0,X — Y)-Z=0, [14] 
X0.0,— Y (0, + 0,) - W=0, [237 
X0,0,— Y (0, + 6,)- W=0, [241] 
X0,0,— Y (0,+0,) - W=0, [3/41] 


97. And the lines are 


a b lc | d g V ape ates h | Po may be written 
0 o|o 0 o | 1 | (0) X-0,Y-0 
0 0|0 0 RE | d (1) X=0,d¥+Z=0 
0 0| 0 1 6, 0 (2) 6X-Y20,Z-0 
o | o0 1 0, 0 | (3). X-¥=0,2750 
0 | 0/0 1 & 0 | (4) I~ Fst Fev 
@ |-1|0 0 0 E | (2) 6X -Y-0, 6X + W=0 | 
ES aKT 0 0 "E | (3) Pa PW 4 WD | 
gre y o B i i 6,2 | (4^) (X-Y-0,082X + W=0 
PT de linia la doi iode d thet d (6,6, — 6,6, — 6:64) | ME ZT but for the remaining lines | 
—-d0,; d|l (0,-- 0) | —6,0, |d (0.0,—0.0.—0:0,) | (13. 24) the coordinate expressions 
| — dé, | aji $ (0,+0) | -0:0a |d (0:0, — 06.09) | (14.23) PE maare sci si 


The mere lines are each of them facultative; b’'=p’=3; t'— 0. 


98. Hessian surface. The equation is 
{Z+3(cX +dV)} {XZW+ Y*Z t (a, b, c, dá X, Y y) 
— 4Z (a, b, c, d$ X, Yy 
— 3 (4ac— 3b’, ad, bd, cd, dá X, YY = 


and it is thence easy to see that the complete intersection is made up of the line 
X20, Y=0 (the axis) three times, and of a curve of the ninth order, which is the 
spinode curve; c'— 9. 
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99. The equations of the spinode curve may be written in the simplified form 
XZW + 1?Z+(a, b, c, d$ X, Y? =0, 
AZ (a, b, c, dà X, Yy--3(4ac — 3b, ad, bd, cd, d$ X, Yy— 0, 
the line X 20, Y=0 here appearing as a triple line on the second surface; the 
curve is a partial intersection, 3 x 4 — 3. 
The node C, is a triple point on the curve, the tangents being the nodal rays. 


The node B, is a quintuple point, one tangent being X —0, 3dY -- 4Z — 0, and the 
other tangents being given by Z=0, (4ac — 3b*, ad, bd, cd, d$ X, Y) =0. 


Each of the facultative lines is a double tangent to the curve, or we have 8 = 6. 


Reciprocal Surface. 

100. Comparing the equation of the cubic surface with that for IV — 12 — 2C,, 
it appears that the equation of VI=12-— B,— C, is obtained by substituting in that 
equation the values 6=0, y — 1. But instead of making this substitution in the final 
formula, it is convenient to make it in the binary quartic (+ý X, Y), thus in fact 
working out the reciprocal surface by means of the function 


(zX* MAK Y — wY} + 4zwX (a, b, c, dd X, YY, 


the coefficients whereof (multiplying by 6 to avoid fractions) are 


6233 + 24azw, 
Bay + 18bzw, 
y? — 2anw + 12czw, 
—3yw+ 6dzw, 
6ur. 
We find 
iJ = [? — 122wM, 
— J = IL?-18zwLM - 542wN, 
where 


L =} +6(2+ 3cz) w, 

M = 2dxy + 6 (2cx — by + 2bdz) w — 4aw*, 

N = — an — 8d (3ba — 2ay + 2adz) w — 12 (30* — 4ac) w*. 
The equation is : 


10822w? (I? — 122wMy = (Ls ck 1S:wLM Ms 542wN y) zs 0, 


viz. it is 
DT? (LN + M5) - 182wLMN — 162wM? — 272 2w* N? = 0, 

where however LN + M? contains the factor w, =wP suppose; the equation thus is 
LP —18zLMN — 162 M? — 27 zw.N* — 0. 


Write 
A = 44 + 12cz, 
B = 6cu — 3by + 6bdz — 2uw, 
C = 6bda — 4ady + 4ad?z + 3 (3b — 4ac) w, 
C. VE 52 
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and therefore 
L= y+ Aw, 


M= 2dæy + 2Bw, 
N = — hd — 4Cw, 
then we have 
P= L {—(y? + Aw) (4d?a? + &Cw) + (2dxy + 2Bw)) 


= — 4 (Cy? — 2Bdxy + Adra? + w(AC— B)}, 
or the equation is 
4I? (Cy? — 2Bdxy + Adra? + w(AC— Ben +182LMN + 162M*+ 272wN* = 0. 


101. Consider the section by the plane w=0, we have L=y?, M=2dxy, N =— 4d*x*, 
and the equation becomes 4y*(Cy? — 2Bdxy + Ad?a?) + (128 — 144 =) — 16d'x*'y'z =0; which 
substituting for A, B, C the values 

A = 4g + 12cz, 
B = 6ca — 3by + 6bdz, 
O = 6bdx — 4ady + 4ad*z, 


becomes 16dy? (y — dz) (dæ — 3ca*y + 3cxy? — ay?) =0; which is in fact the line w=0, y=0 
(reciprocal of the edge) three times, and the lines w=0, (y — dz) (d, —c, b, —afx, y} =0 
(reciprocals of the biplanar rays) each once. Observe that the edge (X =0, Z=0) is 
not a line of the cubic surface, but the reciprocal line y=0, w=0 presents itself as 
an oscular line of the reciprocal surface. 


102. The equations of the cuspidal curve are in the first instance obtained in the 
form 


| E, A5 3N =U, 
12w, L —4M | 


Consider the two equations 
I^ —12wM=0, 


IM+ 9zwN =0, 


each of the fourth order, but which are satisfied by zw=0, L=0; that is, by 
(w=0, y?=0), (z=0, y+4aw=0). The line (w=0, y 20) however presents itself in 
the intersection of the two surfaces, not twice only, but 4 times. To show this, 
observe that the line in question is a nodal line on the surface L’-122wM=0; in 
fact, attending only to the terms of the second order in y, w, we find 


{(4a + 1202} — 144cxz — 144bdz*} w — 24dazyw = 0, 
giving the two sheets 
{(4a + 12c2y — 144cx2— 144bd2) w —24dzzy =0 and w=0; 


in regard to the last-mentioned sheet the form in the vicinity thereof is given by 
w= Ay’, viz. we have approximately L=y? M=2dxy, and thence y* — 192. Ay’. 2day =0, 


i 1 1 ge 
that is, A= 31dzz or W= s; ine ; the line is thus a flecnodal line on the surface 
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[?—12zwM=0. Next as regards the surface LM+9zwN=0; the line y=0, w=0 is 
a simple line on the surface, the terms of the lowest order being 9zw (— 4d*a*)=0; 
that is, we have w=0, and for a next approximation w= Ay’, viz. L=y, M — — 2day, 


N =— 4d’, and therefore —2dwy* + 9z. Ay*(— 4d%a*)=0, that is A=- suie : 


there is thus a threefold intersection with one sheet and a simple 


or 


was = 1 Sts 

18daz ? > 
intersection with the other sheet of the surface L?— 122wM —0. The surfaces intersect, 
as has been mentioned in the conic 2=0, y"+4ww=0; or we have the line y=0, 
w=0 four times, the conic once, and a residual cuspidal curve of the order 


4,4—4-—2, =10; that is, c'— 10. 


Section VII = 12 — B;. 
Article Nos. 103 to 116. Equation WXZ+ Y*Z + YX? -2 =0. 


103. The diagram of lines and .planes(*) is 


Ree mo o 
VII=12- B;. Ox t m T ra 
x x x x 
hu 
= or ct e 
oy l ll I 
x] to S or S 
T | . .. à 
}1x15=15 . * | Torsal biplane. 
| - . 
Es teat | 
00 | . LI . 
1x 20=20 eis * | Ordinary biplane. 
: 12 | . LJ . 
2 . 
[| . 
A ` 
79 . Planes each containing 
13’ v Ree 3 . a mere line. 
E El 
S sE we & 
o So So 2 
E: pr” B m 
S TM 
DI T che E 
p 
2 z 


1 The marginal symbols in the preceding diagrams constitute a real notation of the lines and planes; 
but here, and still more so in some of the following diagrams, they are mere marks of reference, showing 
which are the lines and planes to which the several equations respectively belong. 


52—2 
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104, The planes are The lines are 
Z =0, [10] X =0, Z=0, (0) 
X=0, [00] Y =0, 4=0, (1) 
Y+Z=0, [12] X=0, Y +Z=0, (2) 
Y -Z=0, [13] X20 Y-Z=0, (3) 
X-W=0, Y+Z=0, (2) 


X+W=0, Y-Z=0, (13^). 
105. The two mere lines are facultative, and the edge is also facultative; p' =b =3; 
t 0. 
106. Hessian surface. The equation is 
Z(WXZ + Y'Z4- YX* — Z?) - 4AX?YZ + X* +47 — 0. 
The complete intersection with the surface is thus given by the equations 
WXZ + Y'Z--YX:—2:—0, — 4X? YZ + X*4 47 — 0, 


which is made up of the line X —0, Z=0 (the edge) four times and a curve of the 
eighth order. To see this, observe that the last-mentioned surfaces have in common 
the line X 20, Z=0, which is on the first surface a torsal line (equation in vicinity 


being Z -—X 2), and on the second surface a triple line (equations in vicinity being 
Z= Y and X= Va, But Z--yX touches Z-yX. and the line counts thus 


(2 - 2 2) 4 times. 


107. I say that the complete intersection is the line (X — 0, Z— 0) three times 
together with a spinode curve made up of this same line once and of the curve of 
the eighth order; and that thus o’=9. 


The discussion of the reciprocal surface in fact shows that the reciprocal of the 
edge is a singular line thereof, counting once as a nodal and twice as a cuspidal line 
thereof; the cuspidal tangent planes are the reciprocals of the several points of the 
edge, and the edge is thus part of the spinode curve. The reasoning may appear to 
show that the edge should be counted twice, but it must be counted once only, 
making the order —9 as mentioned. | 


108. I find that the octic component of the spinode curve is a unicursal curve, 
the equations of which may be written 


X:Y:Z2:Wz160 : 404160" : 160° : -5—80: — 1605; 


the values of 0 at the binode B, are 0— 0, 0— o», and we thus obtain in the neigh- 
bourhood thereof the two branches 
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109. Each of the lines (X-—W=0, Y+Z=0) and (X+W=0, Y—Z=0) is a 
double tangent of the spinode octic; in fact for the first of these lines we have 


1665+ 8444+ 1602+5=0, 160+ 160* + 40 — 0, 
that is, 
(20? + 1» (406: - 40 + 5)=0, 40 (20*+1)?=0, 


so that the line touches at the two points given by 20?.-1— 0; and similarly the 
other line touches at the two points given by 26?—1=0. 


The edge X=0, Z=0 has apparently a higher contact with the spinode octic, 
viz. the equations X =0, Z=0 are satisfied by 0—0 twice, 0= œ five times; but it 
must be reckoned only as a double tangent. Hence 8'-—2.2--2, — 6. 


Reciprocal Surface. 


110. The equation is obtained by equating to zero the discriminant of the binary 
quartic 
X? (yZ — WXY -- 4wZ? (WE + zZX + 2X"), 
viz. calling this (*#¥X, Zn, the coefficients (multiplying by 6) are 


(6w?, — 3yw, y + 4aw, 6zw, 24w?) ; 
and then writing 
L= y-TA4cow, 


M = — 2yz — 4w?, 


N=-—42+ 162w, 
we have 


Y = ?- 12M, 
—J = FP — 18wLM — 54wN, 
and the equation is, as in former cases, 


(LN + M2) —18w*LMN —16w'M:— 27w*N? = 0 


but LN + M? and therefore the whole equation divides by w, and we thus obtain 
161? (— #2? + y + w (yz + 4a?) + w) — 18wLMN — 16wM* — 27u*N? = 0; 
or, completely developed, this is 
w.64 

+ w,32 ( 3yz-— 4a*) 

+ wi. 16 ( 5y? +92) 

Tu. ( 1P + 30y2 + 160yza? — 272 + 64a1) 

+w. 4c(lly'z + 12y — 9y2 — 425491 

+w. y( y2412y4* — yz — 822") 

+ ye( y-2)=0. 
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111. To transform the equation so as to put in evidence the nodal curve, 
I collect the terms according to their degrees in (y, z) and (#, w); viz. the equation 


thus becomes 
64a^w? — 128220 + 647 


+ 2( —16a°w? + 1440w*) 
+zy( 160a°w?+ 96w*) 
+Y(  48a%w?+ S80zw*) 
+2 .—2704* 
+ ¿y .— 36xu* 
+ 2Y. — 8a*w + 30w? 
+ zy . 44ow* 
+ y .122w + u* 
+ ay? .—w 
+ 24.2 
Tong .w 
uos vi T =0; 
and if for a moment we write z=a+y, y=a—y and collect, ultimately replacing 
a, y by their values $ (2 +y), i(z— y) the equation can be expressed in the form 
64w (a? — ur) | 
+ Suf(z Ry Pe +w) (w+ 3v) 
+ 8w (2 —y Y? (a —w y (x— 3w) 
— 320? (2 — y) (2? — w) a 
+ du (z LU BL +w) 
w (2 y Y (s (ew) Tw) 


+ dw (2-35y(lle-2/1w) 
~ w(e+y) (2-y}(z-w) (Bx — Tw) 
+ Jw (2 —y)(0—wy | 


y (2-3) (2w+ay)=0, 


and observing that we have 
zw LPU =-2(u0—w)+ c(2+y) 


we see that every term of the equation is at least of the second order in z+y and 
æ—w conjointly; and also at least of the second order in z — y and æ+ w conjointly ; 
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that is, the surface has the nodal lines (2+y=0, —w=0) and (2—y=0, 2+w=0), 
which are the reciprocals of the lines 12’ and 13’ respectively. The nodal curve is 
made up of these two lines and of the line y=0, w=0 (reciprocal of edge), as will 
presently appear; so that we have b’=3. 


112, The equations of the cuspidal curve are 
I? — 12M = 0, 
LM + 9wN —0, 
4M + 3LN =0. 
Attending to the two equations 
I? —12wM = yt 8yvw + 1622w? + 24yzw? + 48w'= 0, 
LM + 9WN = yz + 24%? + 4eyzw + (8 — 72 =) — 64aw* + 182w? = 0, 


these surfaces are each of the order 4, and the order of their intersection is =16. 
But the two surfaces contain in common the line (y=0, w=0) 7 times; in fact on 
the first surface this is a cusp-nodal line dew + y? + Ay? =0; and on the second 
surface it is a nodal line w(4zxy+182w)=0; the sheet w=0 is more accurately 
4aw +y? + By®...=0; whence in the intersection with the first surface the line counts 
5 times in respect of the first sheet and 2 times in respect of the second sheet; 
together (5 +2=) 7 times, and the residual curve is of the order (16—7 =) 9. 


113. I say that the cuspidal curve is made up of this curve of the 9th order, 
and of the line y=0, w=0 (reciprocal of the edge) once; so that c’=10. In fact, 
considering the line in question y=0, w=0 in relation to the surface, the equation 
of the surface (attending only to the lowest terms in y, w) may be written 


— 22 (y+ 4aw) + w(— yz) + w (— 362y2) + &e. = 0, 
giving in the vicinity of the line 
4æw + y? = Ay’, 
and then 
-agA += (4-49) =0, 


caló Met. M 
that is, 422 —2 5 or 4ew+y?=Y 22.5 ; wherefore the line is a cusp-nodal line, 


z 
counting once as a nodal and once as a cuspidal line; and so giving the foregoing 
results b'=3, c' = 10. 


114. I revert to the equation which exhibits the nodal lines (æ — w—0, y 4- z — 0), 
(c+w=0, y—z=0) for the purpose of showing that they have respectively no pinch- 
points; that is, that in regard to each of them we have j'— 0. In fact for the first 
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of these lines, neglecting the terms which contain æ —4w, y+z conjointly in an order 
above the second, the equation may be written 
64w (a + wy (a — wy 
+ 8w (2+wY (2+3w) (2 + y Y 
+ 8Suw* (2 — y Y (a — 3w) (2 — wF 
32 (z —y) (æ+ w)e  (z—w)(z4y) 


+ dw (z -yF (læ — 270) (2 + y) 

- w(e-yP(Br—Tw) (@—w)(e +y) 
+ iw(-yy (a — wy 

+ yz (-y) (a — w)(z + y) 
- yw @-y) (2 +y)=0, 


viz. this is 


(A, B, Ciz —w, 2+y)=0, 


where, collecting the terms and reducing the values by means of the equations 
z—w=0, 2+y=0, or say by writing c —w, —y=2, we have 


A= 64w' (xv L wy =  256w* 
+ 8u? (2 — y? (æ — 3w) — 64wz 
+ ju* (2 — y) + hs 
= 4w (2 — 8w?y, 
B = — 32 (z — y) (£ + w) aw? = — 128w*z 
— w (z — yy (3x — Tw) + 32w? 
+ yz (2— y) — 22 
=-  22(2-—8u?), 
C=  8wW (a+ w") (a + 3w) = 128w 
+ jw(2-y*(lla*- 270%) — 32w*%* 
— ay LZ y) + uus 
— ay (z-y) To Sus 
= 2w (2? — 8w?y. 


Hence the condition 44C—B*=0 of a pinch-point is (2?— 8w*y = 0, so that the pinch- 
points (if any) would be at the points æ — w — 0, y+2=0, 2?—84*=0; or say at 2, y, 2, w 
=1, —2W2, 242, 1. But these values give L, M, N=12, 12, —16; values which 
satisfy the equations Z?—12w*M —0, LM+9w*N=0, 4M*--3LN —0, and as the points 
in question are obviously not on the line y=0, w=0, they lie on the ninthic 
component of the cuspidal curve, being in fact points 8. and not pinch-points. 


The line y=0, w=0 quà nodal line would have every point a pinch-point, but 
being part of the cuspidal curve, no point thereof is regarded as a pinch-point; that 
is, in regard to this line also we have =0. And therefore for the entire nodal curve 
j=0. 
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115. The cuspidal ninthic curve is a unicursal curve, the equations of which can 
be very readily obtained by considering it as the reciprocal of the spinode torse; we 
in fact have 


e:y:z:w=Z4W+2XY : 2YZ - X! : WX+Y*-32 : ZX, 


or substituting for X, Y, Z, W their values (=16@, 40 L 1665, 1606, —5 — 8# -— 166) 
and omitting a common factor 166°, we find for the cuspidal curve 


&:9y :£:w-—830-4-240: — 160 : 240? +320 : —4 — 480* : 160* 


(values which verify the equation Xz--Yy--Zz-- Ww=0); the spinode curve being 
thus of the order —9 as mentioned. 


For 6=0 we have the singular point (y=0, z=0, w=0) (reciprocal of torsal 
biplane), and in the vicinity thereof æ : y : z : w=1: —20-? : 30-5 : — 07*, therefore 


kie. E 


For 0-0 we have the singular point =0, y=0, w=0 (reciprocal of the other 
biplane), and in the vicinity thereof æ : y : z : w—— 20 : — 60? : 1 : — 40, therefore 


eG) Tee 


116. The section of the surface by the plane z=0 is an interesting curve. 
Writing z=0 in the equation of the surface, I find that the resulting equation may 
be written 


(64455, 14400, w? + 'T6a*w + ay yw? + 272, y? — 320wY = 0, 
where observe that 
64u? (w + 'T62?w + ay?) — (72aw*)?? = 64w* [w (w + 274%) + a (y? — 320w)] ; 


so that the curve has the four cusps w?--274?—0, y°—32aw=0; the plane 2=0 
intersects the cuspidal ninthic curve in the point (y=0, z=0, w=0) counting 5 times, 
and in the last-mentioned four points: in fact, writing in the equations of the ninthic 
curve z=0, that is 1--120:— 0, we find «s, y, w=30, %460*, 166°, and thence 
we + 27a? = $4 (14+ 126) — 0, y? — 32zw — 0. 


The curve has also nodes at the points (y=0, +w=0; y=0, z—w-0), viz. 
these are the intersections of the plane z=0 with the nodal lines (y—z=0, +w= 0) 
and (y+z=0, —w=0), and it has at the point (y=0, w=0) (intersection of its 
plane with the cusp-nodal line y=0, w=0, and quintic intersection with the cuspidal 
ninthic) a singular point=2 cusps+7 nodes; hence the curve has cusps =(4+2=)6; 
nodes (2+7=)9; or 2 nodes +3 cusps=36; class = 6, as it should be. 


Eh ME 53 
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Section VIII 2 12 — 3C.. 


Article Nos. 117 to 125. Equation Y*--Y(X -Z - W) - 4aXZW =0. 


117. The diagram of the lines and planes is 


\h 


Y) i 
| Planes each touching 
8 along an axis and 
containing the corre- 
9 sponding transversal. 
12 | 
| Biradial planes each 
34 containing two rays 
5 of the same node. 
56 
13 
24 
16 Planes each containing 
an axis, and two rays 
25 through the terminal 
nodes respectively. 
46 
35 
789 Plane through the three 
$ ES E RO 
789 GH - Self Plane through the three 
transversals. 
| s " 3 NA 
| $ sE E 
| $E $2 g 
| D e to p 2 5 
A $E E 
:: 1 i. E 
o3 n 
4 i | 
xg rab gu: ^ int 
= 


| 
| 
| 
| 
| 
| 
| 
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118. Take m,, m, as the roots of the equation (m — 1)! = 4am, so that m, + m,=2 + 4a, 
mym,=1, then the planes are 


A uw PT 
Y =0, [ 8] 
Z.= 0, [+ ..9] 
FLE LA =0, b et] 
Y+X+W=0, [ 34] 
Y+Z2+W=0, [ 56] 
Y =(m — 1) X, [ 13] 
Y 2 (m, — 1) X, [ 24] 
Y-2(m-—1)Z£ - [ 16] 
Y — (m, — 1) Z. [ 25] 
Y 2 (m, — 1) VW, [ 46] 
Y 2 (m, —1) W, [ 35] 
Ys, [789] 


119. And the lines are 


a b c Ti 0 b ~] equations may be written 
0 0 0 | O0 0 1 (ok =D Y 20 
0 0 Othe cdi 0 0 (8 Z=0, Y=0 
0 1 0 0 0 0 | Oy = O. uU 
1 1 1 0 0 0 (7) Y+Z+X =0, W=0 
0 0 1 -1 1 0 (8) Y+X+W=0, Z =0 
1 0 0 0 => 1 1 (9) Y+Z2+ W=0, X=0 
1 ] 
0 0 0 "i-i 1 Entel (1) Y=(m-1)X =(m,-1)% 
1 1 y < 
0 0 0 l 1 22i T (2) Y=(m,-—1)X=(m,-1)Z 
1 | 0 1 
2 ae: 0 0 mad (3) Y =(m,-1)W=(m,-1) X 
1 DEC Ma 0 0 : 4) bared (i25) W s (hi2) X 
= een | m i ( a 1 = (My, ) 
1 1 | A ATA 
0 Prr 1 a ee O (5) Y =(m_-1)% =(m,-1) W 
1 1 | 
0 MJ iiag C N A iian | (60 Y=(m,-1)Z =(m, - 1) W 
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120. The three transversals are each facultative; p"=b'=3; ť=0. 


121. Hessian surface. The equation is 
4aX ZW (3Y + X -Z-- W)+ Y(X* L EL W-2XZ-2XW-22W)=0. 


The complete intersection with the cubic surface is made up of the lines (Y=0, 
X 20), (Y 20, Z=0), (Y 20, W=0) (the axes) each twice, and of a sextic curve which 
is the spinode curve; c'- 6. 


The spinode curve is a complete intersection 2x 3; the equations may in fact be 
written 


Y+ Y*(X - Z- W)+4aXZW =0, 
3Y°+4Y (X -Z- W) -4(XZ L XW+2ZW)=0; 


the nodes D, C, A are nodes (double points) of the curve, the tangents at each node 
being the nodal rays. 


Each of the transversals is a single tangent of the spinode curve; in fact for 
the transversal Y --Z-4- X--0, W —0, these equations of course satisfy the equation of 
the cubic surface; and substituting in the equation of the Hessian, we have 
Y'(X—Zyyz20. But Y -Z-c-X 20, W=0, Y 20 is a point on the axis W 20, Y =0, 
not belonging to the spinode curve; we have only the point of contact Y - X -Z-0, 
W=0, X-—Z=0. Hence #’=3. 


Reciprocal Surface. 


122. The equation is found by means of the binary cubic, 
aT (T - yUy --(T—-«U)(T — zU) (T — wU), 


viz. writing for shortness 
B=æ+z +w, 


y = gz + EW + zw, 
Ò = ZW; 
this is a binary cubic (*§7, UY, the coefficients whereof are 
3 (a+ 1), —2ay — B, ay? +y, — 36, 
and the equation is hence found to be 
day (y? — By’ + yy — 8) 
+ a? ((12y — 8?) y* — (8By + 368) y? + (3088 + &y?) y? -- 36y8y + 278°} 
+ 2a {(6y? Bar — 980) y? + (1288 — 29^ — 188) y + 2y* + 278* — 996] 
— (Br? + 1888 — 4898 — dy? — 279) 20; 
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or substituting for 8, y, 9 in the first and last lines their values 


(=a+2+u, «ez L 2W0+20, 22), 
this is 
day? (y — a) (y — 2) (y — w) 
+ a? ((12y — 8?) yt — (8By + 368) y? + (3088 + 87°) y? — 36y8y + 278} 
+ 2a [(6y? — By — 988) y? + (12:8 — 28y* — 18y8) y + 2y* + 278 — 980) 
— (2-2? (v — wy (z — wy =0. 
123. The nodal curve is made. up of the lines (y =< = z), (y =% =w), (y=2="w), 
reciprocals of the three transversals. 
To show this I remark that, writing 
B'=(0—y)+(2— y)+(w— y) 
y =(1=y)(¿— y) +(0— y) (w— y) + (2— y) (w — y), 
œp MIS y) (w — y), 
the equation of the surface may be written 
4a^y? (y — x) (y — 2) (y —w) 
+ a? (y (1288 —y?) + 0.18y8' + 278") 
+ 2a [y (— 6878’ +28'y? -- 98^) + 2^ + 278? —98'y è) 
— (2-2) (1 — wy (2 — wy — 0, 
whence observing that y is of the order 1 and ò of the order 2 in (z— y) (z— y) 
conjointly, each term of the equation is at least of the second order in (x — y), (z— y) 


conjointly; or we have y=xw=z, a nodal line; and similarly the other two lines are 
nodal lines. 


124. The foregoing transformed equation is most readily obtained by reverting to 
the cubic in T, U, viz. writing p—-«—y, r=2—y, $—w-— y, and therefore æ= y + p, 
z=y+r, w=y+s, the cubic function (putting therein T= V + yU) becomes 


a(V+yU) V?+(V—pU)(V—rU)(V —sU); 
writing 8. y, 0 =p L r-- s, pr+ps+rs, prs, the coefficients are (3 (a +1), ay- E”, y, — 38’), 
and the equation of the surface is thus obtained in the form 
27 (a +1) 8? 

+ 18(a+1)(ay — 8) y'8 

+ 4(a+1) y” 

— 4(ay-8'y 8 

-= (ay-BYy?*=0, 


which, arranging in powers of a, and reversing the sign, is the foregoing transformed 
result, 
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125. The cuspidal curve is given by the equations 
| 3(a+1) —2ay—B, ayt+y |=0, 
— 2ay — B, aj +y, —08.!! 


or say by the equations 
3 (a +1) (ay? + y) — (2ay + 8» — 0, 


that is 
a (a — 3) y? L 4agy — 3 (a L 1) y — 0, 
and 
— 3 (a + 1) 8 + (2ay + B) (ay? + y) — 0, 


consequently c’=6. It is to be added that the cuspidal curve is a complete inter- 


section, 2 x 3. 
Section IX = 12 — 2B,. 
Article Nos. 126 to 136. Equation WXZ + (a, b, c, dj X, Y» 0. 


126. The diagram of the lines and planes is 


Lines, 
[er] ex — w [Ss] m o 
IX —12 - 2B, o = 
x x 
e e 
Il 
e 
| 
. ommon biplane, os- 
0 KE biplane, 
cular along the axis. 
7 Other biplanes of the 
two binodes respect- 
8 ively. 
S 14 
a 
— 
— 

H Planes each through 
the axis and contain- 
ing rays of the two 
binodes respectively. 

36 

F 3 
SE SES d 
os 5 p~ Qu 
"büu SS 
$ ao 
S Ho S i E 
B EpIN [zy 
o c3 5 [us] 
QQ B o 
POD po et 
E ~ 6 E 
S75 
o D er 4 2 
ont É 
a = o B o 
et et G O 
Sos 5 g. 
ooo: ' 


www.rcin.org.pl 


412] A MEMOIR ON CUBIC SURFACES. 423 


197. Writing (a, b, c, dj X, Y? 2 —d(f,X — Y)(f.X — Y)Cf;X — Y), the planes are 


S se [ 0] 
E =ù: [ 7] 
W - 0, [ 8] 


fX-Y=0, [14] 
fX-Y-0, [25] 


fX-Yz0, [36]; 
and the lines are 


X=0, Y =0, (0) 
fiX-Y=0, Z=0, (1) 
fX-Y=0, Z=0, (2) 
fX-Y=0, Z-0, (3) 
fX-Y=0, W=0, (4) 
fX-Y-0, W=0, (5) 
froX -Y=0, W=0, (6) 


128. There is no facultative line; p’=b’=0, '=0; and hence also 8’ = 0. 
129, Hessian surface. The equation is t 
X (ZW (cX +dY)-3X (ac - b, ad—bc, bd — c" X, Y y] =0, 


so that the Hessian breaks up into the plane X =0 (axial or common biplane) and 
into a cubic surface. 


The complete intersection of the Hessian with the cubic surface is made up of 
the line . X 20, Y 20 (the axis) four times; and of a system of four conics, which is 
the spinode curve; c'—8. 


In fact combining the equations 
WXZ.+ (a, b, c, d$ X, Yy 20 


ZW (cX - dY)—3X (ac — b, ad—bc, bd — c" TX, Y?=0, 


these intersect in the axis once, and in a curve of the eighth order which breaks up 
into four conics; for we can from the two equations deduce 

(a, b, c, d$ X, Yy (cX - dY) - 3X? (ac — U, ad — be, bd —c"$ X, Yy — 0, 
that is 

(4ac — 3b, ad, bd, cd, YX, Yy*—0, 
a system of four planes each intersecting the cubic XZW + (a, b, c, dj X, Yy-0 in 
the axis and a conic; whence, as above, spinode curve is four conics. 


and 


It is easy to see that the tangent planes along any conic on the surface pass 
through a point, and form therefore a quadrie cone; hence in particular the spinode 
torse is made up of the quadric cones which touch the surface along the four conics 
respectively. 
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Reciprocal Surface. 
130. The equation is obtained by means of the binary cubic 
X LPA +yY Y? + 4zw (a, b, c, dà X, Y y, 
viz. calling this (*¥X, YY the coefficients are 
(32? -- 12azw, 2æy + 12bzw, y? + 12czw, 12dzw). 
The equation is found to be 
432 (a*d* — 6abcd + 4ac + 4l*d — 3b?c?) w’ 

+ 216 [(ad? — 3bcd + 2c?) a? + (— 2acd + 4b*%d — 2bc*) xy + (— abd + 2ac* — bc) y*] zw? 

+ 9 [8d2at — 12cda*y + (10bd + 8c?) ay? — (4ad + 8bc) xy? + (4ac — b?) y*] zw 

— (da — 3ca*y + 3bay? — ay?) =0. 


The section by the plane w=0 (reciprocal of B,— D) is the line w=0, y=0 (reciprocal 
of edge) three times, and the lines w=0, da*— 3cxa*y + Sbay?— a3? — 0 (reciprocals of the 
biplanar rays). And similarly for the section by the plane z=0 (reciprocal of B,= C). 


The section by the plane y=0 is made up of the lines (y=0, z=0), (y=0, w=0) 
each once, and of two conics, y= 0, 


16 (œd? — babed + 4ac* + 4b*d — 3b*c*) zw? 
+ 8(ad?— 3bcd + 2051 a?zw 
+ d@at=0. 
131. There is not any nodal curve; b’=0. 
132. Cuspidal curve. The equations may be written 
3a° + 12azw, 2xy +12b2w, y°+12czw ||=0. 
| 2æy + 19bzw, y?+12czw, 12dzw | 


Forming the equations 
(bd — c ).144zw + 2 (day — cy?).122w —y* — 0, 
(ad — bc) . 144z^w? + (3da* — 2cay — by?) .122w — 2xy* — 0, 


these are two quartic surfaces having in common the lines (y —0, w=0), (y=0, z= 0): 
attending to the line (y=0, z=0), this is on the second surface an oscular line, 


Z y; on the first surface it is a nodal line, the one tangent plane being 


PONE S 
— 18daw 
6(bd—c)w.z2+dxz.y=0, the other tangent plane being z=0, but the line being in 
regard to this sheet an oscular line, z= Pe Y Hence in the intersection of the 


two surfaces the line counts (14+3=) 4 times; similarly the line y=0, w=0 counts 
(1+3=) four times; and there is a residual intersection of the order (16—4—4=) 8, 
which is the enspidal curve; c'—8. 
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133. The cuspidal curve is a system of four conics; in fact from the preceding 
equations written in the forms 


(bd — c?, 2 (day— cy’), — y Yl22w, 1)= 
(ad — be, 3da* — 2cxy — by’, — 20yY122w, 1) = 
eliminating zw, we obtain 
l 3 (bd — c?), ^ 
2 (— ad? — 3bed + 4c*), | 
| 6 (acd + bd — 2bc*), à yf = 
à QU. ad 6; | 
| avd — br, | 
which shows that the cuspidal curve lies in four planes, and it hence consists of four 


conics; these are of course the reciprocals of the quadric cones which touch the cubic 
surface along the four conics which make up the spinode curve. 


134. The equation of the surface, attending only to the terms of the second order 
in y, 2, w, is 27d?z*zw =0; it thus appears that the point y=0, z=0, w=0 (reciprocal 
of the plane X=0) (which is oscular along the axis joining the two binodes, or 
BB-axis) is a binode on the reciprocal surface, the biplanes being z=0, w=0, viz. these 
are the planes reciprocal to the binodes (X =0, Y=0, W=0) and (X 20, Y 20, Z=0) 
of the cubic surface; we have thus B'— 1. 


It is proper to remark that the binode y —0, 2— 0, w=0 is not on the cuspidal 
curve, as its being so would probably imply a higher singularity. 


135. A simple case, presenting the same singularities as the ag one, is when 
a=d, b=c=0: to diminish the numerical coefficients assume a —d-—4&5, the cubic 
surface is thus 12XZW.-r X*+ Y'— 0, and the equation of the reciprocal surface, 
multiplying it by 4, becomes 


zw 
+ brew? 
+ (92* — 122*y) zw 
— 4y7 (a — y?) =0, 
viz. this is the surface 
dy? 
— 4af'a (a? + Szw) 


+ zw (3a? + zw)? = 0 


considered in the Memoir “On the Theory of Reciprocal Surfaces.” The cuspidal curve 
is, as there shown, composed of the four conics y=0, 3a%*+zw=0 and y*-— 2a2*=0, 
a? — zw — 0; and it is there shown that the two points (z 20, y=0, z=0), (cx =0, y=0, w=0), 
each reckoned eight times, are to be considered as off-points of the reciprocal surface. 

C. VI. 54 
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136. The like investigation applies to the general surface, and we have thus 
0 =16; the points in question are still the points (c=0, y =0, z=0), (2=0, y =0, w=0); 
viz. these are the points of intersection of the surface by the line (z— 0, y — 0), which 
points are also the common points of intersection of the four conies which compose 
the cuspidal curve, that is, they are quadruple points on the cuspidal curve; it does 
not appear that the points are on this account, viz. quà quadruple points of the 
cuspidal curve, off-points of the surface, nor does this even show that the points should 
be reckoned each eight times. As already remarked, the singularity requires a more 
complete investigation. 


Section X 212 — B,— C. 
Article Nos. 137 to 143. Equation WXZ +(X + Z) (Y?- X?) =0. 


137. The diagram of the lines and planes is 


Lines, 
= O m o © 
~l ho bo — m 
x X x x 
bo — c 00 
| I ll ll 
tb 
| 5 oo e oo 
T * * | Biplane touching along axis, 
and containing edge. 
4 fe . Other biplane. 
LJ . 
. . LJ 
. | Planes each through the 
. | axis and containing a bi- 
. a planar ray and a cnicno- 
> dal ray. 

. Plane touching along the 
edge and containing the 
mere line. 

. Biradial plane through the 
two enienodal rays. 
e Ar TS 
S 
$ S i-a Sa | BE 
Ld 5 m. 7] v o au? 
P © 2,5 ole 
= = $ Ze) oe 
e en c p 
= L = o a 
w "3 $5 mom o 
Bd » 5 S 
pl w 09 
E Be Ta S 
xd os © 
= * -= 
5. c 5 
O ©, o 
3 5 
Ber delia 
C ei 9] 
—— - i ee — 
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138. The planes are and the lines are 
A =0, [0] X =0, Y.20,.(0) 
4 =0, [3] X =0, Z 20, .(3) 
X -Y=0, (117 4-Y=0,2=0, (1) 
X +Y=0, [227] X+Y=0,Z=0, (2) 
W =0, [3] 4-Y=0, W=0, (1) 
4+Z=0, [1'2] X+Y=0, W=0,* (2) 


X+Z=0, W=0, (12). 
139. The facultative lines are the edge counting twice, and the mere line; 
p=0=3; Pel. 
140. Hessian surface. The equation is 
X (X + Z) (ZW + 3X? - XZ) + Y*(X -Zf «0. 


The complete intersection with the surface consists of the line (X 2 0, Y —0), the 
axis, four times; the line (X 20, Z=0), the edge, twice; and a sextie curve, which 
is the spinode curve; c'— 6. 


Writing the equations of the surface and the Hessian in the form 
X (ZW + Y?) - X* - Z(Y* - X?) « 0, 
X (X - Z) (ZW + Y?) -(Z— 3X) (- X* 4+ Z(Y* — X} =0, 
we see that the equations of the spinode curve may be written 
ZW +Y*=0, 
— X*- Z(Y*- X*)=0, 
viz. the curve is a complete intersection, 2 x 3. 
WORN W 
the tangents coinciding with the nodal rays W=0, Y*— X*=0. 


There is at B, a triple point tá == (5) w--(sy): and at C, a double point, 


The edge and the mere line are each of them single tangents of the spinode 
curve. But the edge counting twice in the nodal curve, its contact with the spinode 
curve will also count twice, that is, we have £'=2.1+1, =3. 


Reciprocal Surface. 
141. 'The equation is obtained by means of the binary cubic 
4u? X (X + EPL 4wZ (X + Z)(cX 4+2Z)+ XZ; 
or calling this (+4 X, Z), the coefficients are 


(12w?, Su? + 4a, 4w? + 4wa + Az + y? 12w2), 
54—2 
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136. The like investigation applies to the general surface, and we have thus 
& =16; the points in question are still the points (z—0, y —0, z=0), (1=0, y =0, w=0); 
viz. these are the points of intersection of the surface by the line (z— 0, y — 0), which 
points are also the common points of intersection of the four conics which compose 
the cuspidal curve, that is, they are quadruple points on the cuspidal curve; it does 
not appear that the points are on this account, viz. qua quadruple points of the 
cuspidal curve, off-points of the surface, nor does this even show that the points should 
be reckoned each eight times. As already remarked, the singularity requires a more 
complete investigation. 


Section X 212 — B,—(C,. 
Article Nos. 137 to 143. Equation WXZ +(X + Z) (Y*- X?) «0. 


137. The diagram of the lines and planes is 


Lines 
E wu 92 . o 
X=12- B,- Co. - ra bo 
x X 
tud bo 
I I 
ho 
A a qa 
Biplane touching along axis, 
and containing edge. 
. Other biplane. 
. 
. 
. Planes each through the 
. axis and containing a bi- 
g . B planar ray and a cnicno- 
g . . dal ray. 
La . 
£4 
. Plane touching along the 
: edge and containing the 
. mere line. 
. e. e Biradial plane through the 
E two enicnodal rays. 
E Q le: Ed > 
q m B. Du + 5 B. 
$6 S Ms | se | oF 
Qu 
P o BB so |e 
eB EM 2 2 "^ Uu E 
o S Su c UE; 
S ES = 8 LR S 
€ S 23 B 3-0 & 
= 3 BE RH O P 
$ e 25 o 
er et 
p 5 c 5 
ST o e. o 
B 
E 3 R Ey 
K NR S o | 
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Section XI=12-— B,. 
Article Nos. 144 to 149. Equation WXZ+ Y*Z + X?*— Z:— 0. 
144. The diagram of the lines and planes is 


Z “0=X 
918 Sauti 


0= 


STXT| 0 


XI=12-B,. 


ST 


Planes are 


X=0 0]|1x15-15 . Oscular biplane. 


Ordinary biplane. 


'euw[dtq +4190 
-Ipio ey} ut SCR 


where the equations of the lines and planes are shown in the margins of the diagram. 


145. The edge is a facultative line counting three times; this will appear from 
the discussion of the reciprocal surface. Therefore pf =b =3; t'—1. 


146. Hessian surface. This is 
Z(WXZ + Y'Z—3X*— 32») =0, 


breaking up into Z=0, the oscular biplane, and into a cubic surface (itself a surface 
XI =12— B,. The complete intersection with the cubic surface is made up of the 
line X 20, Z=0 (the edge) six times, and of a residual sextic (=3 conics), which is 
the spinode curve; c'— 6. 


The equations of the sextic are in fact XZ+ Y*=0, X*+ Z=0, so that this con- 
sists of three conics, each in a plane passing through the edge. 


The edge touches each of the three conics at the point X 20, Z=0, Y=0; but 
it must be reckoned as a single tangent of the spinode curve, and then counting it 
three times, 8 3. 
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and thence the equation is found to be 


16w* [y* —(0—2)] 
+ 16w? [(2x — 52) y? — 2 (æ — 22) (a — zy] 
+ 8w* [yt + (a — az L 62) y? — 2a? (x — zy] 
+ 4w [(2x + 32) y! — 22? (a +2) y] 
+ y (y-%)=0, 


where the section by the plane w=0 (reciprocal of binode) is y*(y?—a*%)=0, viz. this 
is the line w= 0, y =0 (reciprocal of the edge) four times, and the lines w=0, y? —4*— 0 
(reciprocals of the biplanar rays). 


The section by the plane 2=0 is found to be (y*— a?)(y* + 4«w + 4w?? = 0. viz. this 
is the two lines 2 —0, y^ —2? — 0 (reciprocals of the nodal rays) and the conic 2=0, 
Y + 4æw + 4w? — 0 (reciprocal of the nodal cone WX + Y*— X? — 0) twice. 


142. Nodal curve. The equation shows that the line y=0, æ —z=0 (reciprocal of 
the line W=0, X+Z=0) is a nodal line on the surface. 


It also shows that the line y —0, w=0 (reciprocal of the edge) is a tacnodal line 
(22 nodal lines) on the surface; in fact attending only to the lowest terms in y, w, 
we have 
— a? [16 (x — 2? w + 8 (24 z) wy? + y] — 0, 
that is, 


"PER 
+ D T—————- Ps 
( 24 Jatwa” » 


two values, w= Ay’, w= By’, which indicates a tacnodal line. 


The nodal curve is thus made up of the line y —0, z—2-— 0 once, and the line 
y=0, w=0 twice; 5-3. 


143. Cuspidal curve. The equations 
=0 


| 12w?, 8w* + 4wz, 4w? + 4we + 4wz + y 
| Sw? + 4wa, 4w? + 4wa + diuz + y, 19wz 
give 
(4w + 2x)? — 3 (4w? + 4wa + 4wz + y?) — 0, 
— 36w*z + (2w + 2) (4w? + 4wa + 4wz + y?) = 0, 
or, as these are more simply written, 
4 + 4wx— 12w2 + 40° — 3y? = 0, 
8w? + 12wW%x — 28w?z + w (4a? + 4vz + 21?) + ay? = 0, 


so that the cuspidal curve is a complete intersection 2x3; c'— 6. 
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Section XI = 12 — B,. 
Article Nos. 144 to 149. Equation WXZ+ Y*Z + X*— Z*=0. 
144. The diagram of the lines and planes is 


X 


Z “0=X 
918 SIUNT 


Z+4 0 
0= 


0= 


T 


xI=12 - B,. 


Planes are 


Xz0 O0O/}1x16=15 * | Oscular biplane. 


Ordinary biplane. 


'euv[diq Lvu 
-Ipio ey} ur SÁB 


where the equations of the lines and planes are shown in the margins of the diagram. 


145. The edge is a facultative line counting three times; this will appear from 
the discussion of the reciprocal surface. Therefore p =b =3; t—1. 


146. Hessian surface. This is 
Z(WXZ + Y'Z—3X?—32» =0, 


breaking up into Z=0, the oscular biplane, and into a cubic surface (itself a surface 
XI =12-—B,) The complete intersection with the cubic surface is made up of the 
line X=0, Z=0 (the edge) six times, and of a residual sextic (=3 conics), which is 


the spinode curve; c =6. 
The equations of the sextic are in fact XZ+ Y*=0, X*+ Z=0, so that this con- 
sists of three conics, each in a plane passing through the edge. 


The edge touches each of the three conics at the point X20, Z=0, Y=0; but 
it must be reckoned as a single tangent of the spinode curve, and then counting it 


three times, 8 = 3. 
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Reciprocal Surface. 
147, The equation is obtained by means of the binary cubic 
(12w?, 4zw, y + Avw, —120 2, Xy, 
viz. it is 
4320" 
+ 720% (4aw + y?) 
— 64w?z* 
+ (daw + y?) 
— #(4aw+y’) — 0, 
or, completely developed, it is 
we. 432 
+ w*.288«z 
+ w.72y% + 64a? — 642 
+ w?, 484%? — 162%? 
+ w . 1224! — 8xy?2* 
ET PURER; 
the section by the plane w=0 (reciprocal of B) is w=0, y — 0 (reciprocal of edge) four 
times, together with w —0, y?— 2°= 0, reciprocals of the two rays. 


148. The nodal curve is the line y=0, w — 0 (reciprocal of edge counting 
as three lines); 5 '—3. In fact the form of the surface in the vicinity is given by 


w=-> y + T Z y?, viz. there are two sheets osculating along the line in question, 
that is intersecting in this line taken ihree times. 


149. For the cuspidal curve we have 


pas 


120, 4zw, y + daw 
4zw, y +4aw, —12w* 
glving E d 

12xw +3y? -—42-0, 
36w + 4waz + yz=0; 
or multiplying the first by 3z and subtracting the second. we have 108w* + 42* =0. 


Hence the equations are 
2+ 21w?- 0, 


l2aw + 3y?— 42? = 0, 
viz. the cuspidal curve is made: up of three conics lying in planes tnrough the line 
z=0, w=0. 
The curve may be put in evidenċe by writing the equation of the surface in the 


form 
(3y? + 522+ 12aw, 242, 16%8y?— 42? + 192w, 2+ 27w} =0, 
where 
16 (3y? + 52? + 122w) — 1442: = 16 (By? — 42? + 1200). 
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Section XII = 12 — U,. 
Article Nos. 150 to 156. Equation W(X + Y +2Z)+ XYZ=0. 
150. The diagram of the lines and planes is 


Uniplane. 


$ 2 Planes each touching 

E along a ray, and con- 

[m taining a mere line. 
3 
1'2'8' 


Planethrough the three 
mere lines. 


‘sour 919] 
ounid 
ayy ur SAY 


151. The planes are The lines are 
X +Y+2Z=0, [0] X=0, Y +Z=0, (1) 
X =0, [1] Y =0,2+X=0, (2) 
Y =0, [2] Z=0, X -Y-0, (3) 
Z =0, [3] X 20, W=0, (1) 
W=0, [123] Y =0, W=0, (2’) 
. Z=0, W=0, (3’). 
152. The three mere lines are each facultative: p'—b'—3; ¢=1. 


153. Hessian surface. The equation is 
(X+ V+Zy(X?+ Y?4 7 -2VYZ—-2ZX - 2XY)-0, 


431 


viz. the surface consists of the uniplane X +Y+Z=0 twice, and of a quadric cone 


having its vertex at U,, and touching each of the planes X=0, Y=0, Z=0. 
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The complete intersection with the cubic surface is made up of the rays each twice 
and of a residual sextic, which is the spinode curve; o’ =6. 


The equations of the spinode curve are 
W(X+Y+2)?+XYZ=0, 
X? + Y?42*-2YZ2-24X-2XY=0, 
viz. the curve is a complete intersection, 2 x 3. 
Each of the mere lines is a single tangent (as at once appears by writing for 
instance W=0, X =0, which gives (Y—Z)=0); that is, 6’ =3. 


Reciprocal Surface. 


154, The equation is found by means of the binary cubic 
4(T — zU)(T —yU)(T—2U)+wT"U, 


viz. writing for shortness 


B=x+y+2, 
Y — yz + zo + ay, 
ó =xyz, 


then the cubic function is 


(12, w — 48, 4y, — 1283 T, Uy, 


and the equation of the reciprocal surface is found to be 


432 ô? 
+ 649° 
—  (w-—48By8 
+ 72 (w-—48) y8 
Ac APA O 
expanding, this is 
w. — ò 


+ w. i288- y 

+ 8w .— 6B + By + 9y8 

+ 16 (4688 — By? — 1888 + 4? + 278) 20; 
or substituting for 8, y, è in the first and last lines, this is 

w?.— UZ 

+ w*.(1288 — y?) 

+ 8w .—68% + Bry? + 9y8 

id 16 (y —zf(z — a) (a— y} 0 
(where 8, y, S5=a2+y+2, yz + ze L «y, xyz). The section by the plane « — 0 (reciprocal 
of the unode) is made up of the lines w= 0, y —220; w=0, z—2=0; w-0,2—y-0 
(reciprocals of the rays) each twice. 

155. The nodal curve is at once seen to consist of the lines (y 20, z= 0), (z 2 0, z — 0), 
(z—0, y — 0), reciprocals of the facultative lines; in fact, in regard to (y, z) conjointly 
y is of the order 1, and 8 is of the order 2; hence every term of the equation is 
of the order 2 in y, z; and the like as to the other two lines: b’=3 as above. 
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156. For the cuspidal curve we have 
1 San TT S 48, Ary $ 0, 
w — 48, 4y , —120 


or say 
48y—  (w—4By — 0, 


whence the cuspidal curve is a complete intersection 2 x 3; c'— 6. 
Section XIII = 12 - B, — 2C,. 
Article Nos. 157 to 164. Equation WXZ + Y*(Y + X + Z)=0. 
157. The diagram of the lines and planes is 


433 


Lines. 
o 
tS -— e bo pt o e or 
XIII-12-5,-20,. Pz . at K i 
x x x x 
pa bo A [er] 
ll ll Ill 
S|» - > 
j| . . 
$ 2x 6212 ipe. * | Biplanes. 
a * | Plane through the three 
056 |1+12=12 $ . axes, 
5 R Planes each through an 
2x 6=12 ¿ axis joining the binode 
" 6 F K with a cnicnode. 
E . 
" Plane through the axis 
84 |1x 4= 4 nn ae y joining the two cnic- 
d.e. nodes. 
KAE Planes through the bi- 
12 [1x 3= d planar rays. 
0 lix f= . AY R | Plane touching along the 
T C axis which joins the 
8 45 two cnicnodes, 
rH a Iz: > 
E eE. PES | BE. - E 
E 33 REE RST Be 
j| gE | 537 CE) af 
E g THEE 5: 
Sg | Bee | E SE 
sá £5 | y Be 
= S . Z an 
Z AESA + tae 
ELA t 
© VE 55 
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158. The planes are The lines are 
3 mU, [1] A =0"Y =0 (5) 
q =0, [2] Z =0, Y =0, (6) 
Y =0, [056] Y =0,M = 0, (0) 
Y +X =0, [5] X20, Y -Z-0, (1) 
Y +Z =0, [6] Z=0, Y + X'=0; (2) 
Y - W=0, [34] W=Y=-2, (3) 
X+Y+2%=0, [12] W=Tl=-i, (4) 
W=0, [0] W=0; X4+Y+2Z=0, (012) 


159. The transversal is facultative; p’=b’=1, r =0. 
160. The Hessian surface is 
WXZ(B3Y +X +2Z)+ Y*(Z- X)?=0. 


The complete intersection with the surface is made up of the line Y=0, X 
(CB-axis) three times; the line Y=0, Z=0 (CB-axis) three times; line Y 20, W 
(CC-axis) twice, and of a residual quartic, which is the spinode curve; o’ = 4. 


161. Representing the two equations by U=0, H=0, we have 


(BY +4 X 42) U-H= Y* (3Y* - AYX 4 4YZ - AXZ), = MY” suppose, 
and 


27 (X+Z) U+9H=9WXZ(3Y +4X +42) -36Y* (X? - XZ + Z) +27Y*(X +2); 
but 
(-9(X +Z) Y +16XZ) M = 


64.02? --28Y XZ (X +Z) — Y? (36X? -28XZ + 362?) — 27 Y° (X + Z), 
whence 


27(X+Z)U+9H+(—9XY —9ZY +16XZ) M 
= ZX (12Y?4-28YX +Z + 64XZ+9W(3Y +4X +42) ; 
or, as this may also be written, 
27Y*(X +Z)U +9Y°H 
HE9YX -9YZ+16XZ2)(3Y+X+2Z)U +(9YX tZ — 16XZ) H, 
that is, 
[- 9Y (X LE - 48SYXZ +16XZ(X + Z)U+(9Y?+9YX - Z- 16XZ] H 
= Y?ZX |12Y? + 28Y (Z + X) + 64XZ + 9W (3Y -- 4X -42) 20; 
and we thus obtain the equation of the residual quartie, or spinode curve, in the form 
3Y?-- 4Y(X4+2Z)+ 4XZ=0, 
12Y? + 28Y (X + Z) - 64XZ -9W (3Y +4X + 4Z)=0. 
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The spinode curve is thus a complete intersection, 2x2; and since the first surface 
is a cone having its vertex on the second surface, we see moreover that the spinode 
curve is a nodal quadriquadric. Instead of the last equation we may write more 
simply 

4Y(X + Z)+16X7+3W (3Y + 4X +4Z)=0. 


The equations of the transversal are W=0, X+Y+2Z=0, and substituting in 
the equations of the spinode curve we obtain from each equation (X — Z} = 0, that is, 
the transversal is a single tangent of the spinode curve; 8'=1. 


Reciprocal Surface. 


162. The equation of the cubic is derived from that belonging to VI=12-— B,— C, 
by writing therein a=b=0, c=4, d=1. Making this change in the formule for the 
reciprocal surface of the case just referred to, we have 

L =y + 4(2+2)0, 
M = 2x (y + 2w), 
= — dar, 
P =16x* (y + w-— «-—2); 
and substituting in the equation 
IP + 82M — 9zL MN — 272*wN? = 0, 


the equation divides by a*; or throwing this out, the equation is 


(y? + 4aw + 4zw? (y +w — a — 2) 
— 8æz (y + 2wy 
+ Daz (y? + Aw + 4zw) (y + 2w) 
— 2ZMazw=0; 
reducing, this is 
w.16 (x — zy 
Tw y (a +2) 
4 + 2y (a? — 402 + 2?) 
+ (æ + 2) (21 — z)(- a +22) 


+w Í y* | 
+ 8y° (a + 2) 
— 2y? (4a? + 2322 + 42?) 
+ 36xyz (æ -+ 2) 
— 27222? | 


+ Y (y — a) y —2)=0. 
55—2 
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The section by the plane w=0 (reciprocal of B,) is w=0, y=0 (the edge) three 
times; and w—0, y —7—0; w=0, y—z=0 (reciprocals of the C.B-axes). 


163. Nodal curve. This is the line y=x=z; wherefore b'=1, To put the line 
in evidence, write for a moment 2=y+4, z=y+y, then the equation is readily con- 
verted into 


w*.16 (a — y) 
ibat i | 
(a y) (2a — y) (— a + 2) 


“oi y? (a? — 10ay + y?) 

— 18yay (a +y) 

— 27 ay | 
+ yay=0, 


which, each term being at least of the second order in a, y(=x—y, z—y), exhibits the 
nodal line in question. 


164. Cuspidal curve. Multiplying by 27, the equation may be written 
(1y — 38a —32—5w, — y + 6w, — why? + 16yw — 12zw — 122w + 16w?, 
— 20? + 24yx + 24yz — 2702 — Syw + 16w?y = 0, 
where 
4w (Ty — 3w — 32 — bw) + (— y + 6wy = y? + 16yw — 12 (æ +2) w+ 16w* ; 
and we have thus in evidence the cuspidal curve, 
y? + 16yw — 12 (z L 2) w + 16w? — 0, 
— 204? + 24y (a + z) — 21 zz — 8yw + 16w* = 0, 


which is a complete intersection, 2 x 2, or quadriquadrie curve; c 4. 
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Section XIV = 12 — B,— C,. 
Article Nos. 165 to 171. Equation WXZ + Y°Z+ Y X*— 0. 
165. The diagram of the lines and planes is 


At 
Z 
=x 
x 


A 

A ‘0 

Z ‘0 
=X “0= 
918 S9UTT 


0 

0 
os 
‘0 


0L >T | 0 


orxt | L 


M 
x 
or 
ll . II ll 
- Io Nal EK E 
Planes are n e 
Z=0 12 | 1x15=15 Torsal biplane. 
cem ^ aneti m. A IO basinal APR at 
x=0 01 | 1x 20=20 | | Ordinary biplane. 
Plane through axis and 
the two rays. 
Q EO E > 
AT 
ATHE 
3 S 
H | œ 
M 
og 


where the equations of the planes and lines are shown in the margins, 

166. The edge is a facultative line, as will appear from the discussion of the 
reciprocal surface: p'—b'—1; ¢=0. 

167. Hessian surface. The equation is 

WXZ?+ Y?Z2?-3X*YZ + X:=0. 
The complete intersection with the surface is made up of the line X=0, Y =0 
(the axis) five times, the line X 20, Z=0 (the edge) four times, and a skew cubic, 
the equations of which may be written 
> dE W | =0. 
42, X, -5Y 
In fact from the equations U=0, H=0 we deduce H — ZU = X: (X°? c 4AYZ) 20; and 
if in U=0 we write X?=4YZ, it becomes Z(XW --5Y7) 20; and then in 5U=0, 
writing 5Y*— — XW, we have 
5WXZ+Z(-XW)+5X*Y =X(5XY -AZW) — 0. 
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168. I say that the spinode curve is made up of the edge X=0, Z=0 once, 
and of the cubic curve; and therefore o” = 4. 

In fact in the reciprocal surface the cuspidal curve is made up of the skew cubic, 
and of a line the reciprocal of the axis, being a cusp-nodal line, and so counting 
once as part of the cuspidal curve: the pencil of planes through the line is thus 
part of the cuspidal torse; and reverting to the original cubic surface, we have the 
axis as part of the spinode curve: I assume that it counts once. 


The edge is a single tangent of the spinode curve; §’=1. 


Reciprocal Surface. 


169. The equation is obtained by means of the binary cubic 
4wZ* (Xo + Zz) X (YZ — wXy, 
or, as this may be written, 
(Bw, —2yw, y? - 4ew, 122w X, ZY. 
The equation is in the first instance obtained in the form 
108w*2* 
— 32wy%z 
+ 36wtyz (y? + 4cw) 
+ w. (y +4ewy 
— — why (y how? = 0; 
but the last two terms being together =4wx(y?+ 4mwY, the whole divides by 4u*, 


and it then becomes 
27w 2? 
— 8wy’z 
+ 9wyz (y? + 4xw) 
+ 0(y+400)=0; 


or, expanding, it is 
w*.272* 


+ w*.361y2 + 1625 
+w. yet 827 
+ ay — 0. 
The section by the plane w=0 (reciprocal of B,) is w=0, y=0 (reciprocal of 
edge) four times, together with w=0, «=9 (reciprocal of biplanar ray). 


The section by the plane z=0 (reciprocal of C,) is c (y*-F4wwy-0, viz. this is 
z — 0, y? + Aw — 0 (reciprocal of nodal cone) twice, together with z= 0, w=0 (reciprocal 
of nodal ray). 


170. Nodal curve. This is the line w= 0, y — 0, reciprocal of edge. The equation 
Jv iat uw] LI : Ew 
in the vicinity is y—— a; t -— ga V? showing that the line is a cusp-nodal 
line counting once in the nodal and once in the cuspidal curve: wherefore b'=1. 
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171. Cuspidal curve. The equation of the surface may be written 
(2, — y, 3wY12xw — y?, 9zw + 8xy? — 0, 


where 4c. 3w — y? = 12zw —3f. This exhibits the cuspidal curve 12æw — 5? — 0, 92w + 8xy — 0, 
breaking up into the line w=0, y=0 (reciprocal of edge) and a skew cubic; the line 
is really part of the cuspidal curve, or c' — 4. 


The equations of the cuspidal cubic may be written in the more complete form 


| 122, y, z | = 0. 
| Y, vw, — 8x | 


Section XV =12- U;. 
Article Nos. 172 to 176. Equation WX*+ XZ + Y*Z —0. 
172. The diagram of the lines and planes is 


=Z 
=Y | 
=x 


M ‘0 
Z '0 
A 0 
918 SOUUT 


0 
0 


€ 


de 


XV z12- U}. wl 
x 


0TXT| 8 
9L xX 


Planes are 
Xz0 21 


or 
: |n 


| 
. | Uniplane. 


Plane touching along 
the single ray. 


z 
o 
E: 
© 
E 
E 
E 


‘Ava 98018 
“ABI [9810], 


ae T 


where the equations of the lines and planes are shown in the margins, 


173. The mere line is facultative: p’=b’=1; C =0. 


174. The Hessian surface is 
X*(XZ- Y*)=0, 


viz. this is the uniplane X —0 twice, and a quadric cone having its vertex at U,. 
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The complete intersection with the surface is made up of X=0, Y=0 (torsal 
ray) six times; X=0, Z=0 (single ray) twice; and of a residual quartic, which is 
the spinode curve; o’ =4. 

The equations of the spinode curve are XZ—Y?=0, XW+2Z*=0; the first 
surface is a cone having its vertex on the second surface; and the curve is thus a 
nodal quadriquadric. 

The mere line is a single tangent of the spinode curve; B'=1. 


Reciprocal Surface. 
175. The equation is obtained by means of the binary cubic 
(— 34°, 2yz, daw, byw X, Yy, 
viz. throwing out the factor y, the equation is 
w? (— 642?) + w (— 162%? + T2ay*z + 27y*) + 16y%* = 0. 

The section by the plane w=0 (reciprocal of U;,) is w=0, z=0 (reciprocal of 
torsal ray) three times, and w=0, y=0 (reciprocal of single ray) twice. 

Nodal curve. This is the line 2 — 0, y=0, reciprocal of the mere line: b’=1. 

Cuspidal curve. The equation of the surface may be written 


(64a, —16z, —8w%z?+ 8aw, 9y? + 420) = 0, 
where 
4. 64a (— 3w) — 2562? = — 256 (2 + Saw). 


This exhibits the cuspidal curve 2°+3aw=0, 9y?+ 42» —2 0, where the surfaces are 
each of them cones; the vertex of the second cone is on the first cone, and the two 
cones have at this point a common tangent plane; the curve is thus a cuspidal 
quadriquadric. 


176. (The equation 
(64x, — 162, — 3w 92: + 3aw, 9y?+ 420? — 0 
resembles that of a quintic torse, viz. the equation of a quintic torse is 
( x, — 42, 8wle—2wé£, y*—9zzy — 0, 
which equation, writing 9y for y, — 2% for v, and 3w for w, becomes 
(— 9», — 42, 6wbz+3xw, 9y? + 4zzy — 0, 
or, what is the same thing, 
( æ, 2, -9w $2? + Baw, 9y! + Azo —0; 
and developing, this is 


a. 
+ æ. — 22°w 
+æ .— 18y22w + 2 
— 27y'w + 2y%2*=0, 


which, however, differs from the equation of the reciprocal surface, not only in the 
numerical coefficients, but by the presence of a term +e: 
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Section XVI = 12 — 4C,. 
Article No. 177 to 180. Equation W(XY+ XZ-- YZ)+ XYZ — 0. 


177. The diagram of the lines and planes is 


P4- b bq b b bM o 4 Ww N 
db Rcs ^ | Aree | PRE E di 
Ñ TT E S UT Pr 
L ss Pa N q 36 
T ^ l ll li Il li 8 
HN o La 
a ee eo. S ¡O “o o e 
N X y C 
I Hl ll 
o o o 
E 
MEG ERES ess 
XVI- 12 - 46,. E. Sr 
= con 
"S. ; 
Planes are `l bad e 
Z+W=0 12 . oe 
Y+ w=0 13 LI .. 
Y+Z=0 14 . oe Planes each touching along 
6x 2=12 an axis, and containing 
X+W=0 23 . .. a transversal. 
X+Z=0 24 . ee 
X+Y=0 34 TS tee 
X=0 1 MEM 
Y =0 2 S S Planes each through three 
4x8=32 i : &xes 
Z -0 3 b a r i 
W=0 4 P dii 
X+¥+Z+W=0 124 |1lxl=1|+. + - Plane through the three 
ii 15 a. | " transversals, 
H 
gat A] 
m 
i i 
BE 3 
P 
"E E 
9.5 E 
25 y 
SB et 
Se $ | 


where the equations of the lines and planes are shown in the margins. 
C. VI. 56 
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178. The transversals are each facultative: p' =b —3; C =l 
179. Hessian surface. The equation is 
4XYZW —(X - Y -Z - W)(WXY - WXZ + WYZ+XYZ)=0, 


or, what is the same thing, 
A? (YZ +YW+ ZW) 


+ Y° (ZW -ZX + WX) 
+14 (WX + WY+ XY)>) 
+ W(XY +XZ+ YZ )=0. 


The complete intersection with the cubic surface is made up of the six axes each 
twice, and there is no spinode curve; o =0, whence also 8'=0. 


Reciprocal Surface. 


180. The equation is immediately obtained in the' irrational form 


NDA Vee Nek Vom 
or rationalizing, it is 


(+ y+ 2? + w?—2yz — 225 — 2xy — 2aw — 2yw — 220)? — G4ayzw =0; 
so that this is in fact Steiner’s quartic surface. 


Nodal curve. This consists of the lines —y=0,z—w=0; z—220, y—-w=0; 
a—w=0, y —2—0; so that 5/—3. 


To put any one of these, for instance the line —y=0, z—w=0, in evidence, we 
may write the equation of the surface in the form. 


[(z — y) + (2 — uy — 2 (x + y) (2+ w)] — 64zyzu = 0, 
that is 
(1 y + (s — wy) (e — yy (e — wy — 4 (x+ y) (2 +w)) 
+ 4[(2+y) (2+ wy — 16zyzw] = 0, 
or finally 
IW — yy + LS — wy} (1 yy + («— wy — 4 (x+ y) (2+w)) 
4 (e — y} (e — wy + dary (2 — w) + 4zw (s — y] =0, 


where each term is at least of the second order in 2— y, z — w. 


There is no cuspidal curve; c'- 0. 
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Section XVII = 12 —2B, — 0. 
Article Nos. 181 to 185. Equation WXZ+ XY*-- Y*=0. 


181. The diagram of the lines and planes is 


919 sour] 


XVII —12 - 2B, - Co. 


Planes are 


| Common biplane, through 
the axis joining the two 
binodes. 


Remaining biplanes, one 
for each binode. 


| 


—-| 
| 


. | Plane through the three 
. axes. 


1 


. | Plane through the axis 
joining the two binodes. 


s e 
mary | rto gs 
RE | oe” Dad 

B E oo 
£g | Q £ z. 
o," | 25 op | 
= | eos mS | 

M | "B 5 
oe | 93 
BR | 28 E 
o? | OF 
a © o 
dE TANE 

o | BEP" | 9 d 


where the equations of the lines and planes are shown in the margins. 
182. There is no facultative line; 5-90 20,  =0. 
183. The Hessian surface is 
X(WXZ+3YZW+XY”)=0, 


viz. this breaks up into X=0 (the common biplane), and into a cubic surface. 
56—2 
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The complete intersection with the cubic surface is made up of X=0, Y=0 
(BB-axis) four times, of Y=0, Z=0 and Y =0, W=0 (CB-axes) each three times; and 
of a residual conic, which is the spinode curve; o’=2. The equations of the spinode 
curve are Y?-3ZW=0, 4X+3Y=0; viz. it lies in a plane passing through the 
BB-axis; since there is no facultative line, 8'=0. 


Reciprocal Surface. 


184. The equation is found to be 


(y + &zwy — ay? — 36xyzw + 27a?zw = 0, 
or say this is 
162w? + (Sy? — 36xy + 274*) zw + y (y —«) — 0. 


The section by plane w=0 (reciprocal of B, = D) is w=0, y (y — 2) — 0, viz. this is 
the line w=0, y=0 (reciprocal of edge) three times, and the line w=0, y—2-0 
(reciprocal of ray) once; and the like as to section by plane z — 0. 


The section by plane «=0 (reciprocal of C,= A) is #=0, (y? L 4zw)! — 0, viz. this 
is the conic (reciprocal of nodal cone) twice. 


There is no nodal curve; b'=0. 
185. Cuspidal curve. The equation of the surface may be written 
(1, — y, 3zw iy? — 122w, 9x — 8y} — 0, 


where 4.1.32w—y?=—(y?—12zw); and there is thus a cuspidal conic j?— 12zw = 0, 
9x—8y=0: wherefore c' = 2. 


Attending only to the terms of the second order in y, z, w, the equation becomes 
ezw=0; that is, the point y —0, 2—0, w=0 (reciprocal of the common biplane) is a 
binode of the surface; or there is the singularity B'=1. 
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Section XVIII = 12 — B, — 2C,. 


Article Nos. 186 to 189. Equation WXZ + Y*(X + Z) — 0. 


186. The diagram of the lines and planes are 


E > la: D la: 

Hl ll ll Il ll E 
e > E NP y 
- N 3i N uh us 
a il ll Il I! E 
N o o o o 

A 


XVIII=12- B, -2C,. 


Planes are 


Y=0 0: 1x16=16 Plane through the three axes, 


X20 . . . 

Z=0 : kr Biplanes. 

X+Z= i "uk Plane touching along edge and con- 
Neo 9 taining the Bart tiie. 

W=0 PA ia CS TTT 


the two cnicnodes and containing 
the mere line. 


. | b e Plane touching along axis through 


where the equations of the lines and planes are shown in the margins. 


z| m > 

gsi 3 ge | egi 
-© 

P. ili fa 

o ao B B 

Ñ > BE 225 

IA 

| de > Éi q 


. 187. The mere line is facultative; the edge is also facultative counting twice (this 
will appear from the discussion of the reciprocal surface): b =p = 3, t/— 1. 
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188. The Hessian surface is 
(X + Z) WXZ+(X-2Zy Y*=0. 


The complete intersection with the cubic surface is Y=0, Z=0 and Y=0, X =0 
(the CB-axes) each four times; Y=0, W=0 (BB-axis) twice; and X =0, Z=0 (the 
edge) twice. There is no spinode curve, o’=0; wherefore also £'=0. 


Reciprocal Surface. 


189. The equation is obtained from the binary quadrie 4w (X + Z) (Xe + Zz) + YXZ, 
or say 
(Ri, 4w (o +2)+ y, Swz X, ZY. 
The equation is thus 
(y? + 4wa + 4wz) — 64w*xz = 0, 
or in an irrational form 
iy + Vae 4-2 v wz — 0. 


The section by the plane w=0 (reciprocal of B,) is w=0, y=0 (reciprocal of edge) 
four times. 


The section by the plane z= 0 (reciprocal of C, — C) is 2— 0, y? +4ws = 0 (reciprocal 
of nodal cone) twice; and similarly for the section by + — 0 (reciprocal of C, = A). 


Nodal curve. Writing the equation in the form 
yt + 8wy? (z + £) + 16w* (x — 2) — 0, 
we have a nodal line y= 0, + — z = 0, reciprocal of the mere line: 


and writing the equation in the form 


"T a (Na x Vay” 


we have y — 0, w=0 (reciprocal of edge), a tacnodal line counting as two lines; b’=3. 


There is no cuspidal curve; c'—0. 
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Section XIX =12 — B,-—C,. 
Article Nos. 190 to 193. Equation WXZ + Y?Z + X*=0, 


190. The diagram of the lines and planes is 


X 
X 


il NE 
s e 8 
m 
N N p 
Il Mis e 
o o 
XIX=12 - B,- C,. ear ba S d 
x x 
- a 
a [v] 
ll ll 
do — -— 
Planes are EUM Ira KR | 
Z-0 1x15=15 . Oseular biplane. 
r | . . , 
X=0 1x30=30 . Ordinary biplane. 
ry 45 
E E 
E Ba 
Pow, 
> ES 
E 6 B. 
e ga 
ay O et 
E | BE 
3 S 
. B 
S. 
o 


where the equations of the lines and planes are shown in the margins, 


191. The axis is a facultative line counting three times (as will appear from the 
reciprocal surface); p' =b =3,  =1. | 


192. The Hessian surface is 
Z(WXZ+ Y'Z —3X*) ^ 0, 
viz. this is the oscular biplane Z — 0 and a cubic surface. 

The complete intersection with the cubic surface is made up of X —0, Z=0 
(the edge) six times, and X 2 0, Y 20 (the axis) six times. There is no spinode curve, 
o’=0; whence also 8 = 0. 

Reciprocal Surface. 


193. The equation is at once found to be 
64zu? + (y? + 4zwy = 0. 
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The section by the plane w=0 (reciprocal of B.) is w=0, y=0 (reciprocal of 
edge) four times. The section by the plane z=0 (reciprocal of C,) is 2=0, y+ 4xw=0 
(reciprocal of nodal cone) twice. 


Nodal curve. The equation gives 


showing that the line w=0, y — 0 (reciprocal of edge) is an oscnodal line counting as 
three lines; b'=3. 


There is no cuspidal curve; c’ =0. 


Section XX =12-— U,. 
Article Nos. 194 to 197. Equation X*W + XZ? 4- Y*- 0. 
194. The diagram of the lines and planes is 


X 


0=A '0 


XX -12- Uy. 


=L6XT | T 


L3 


Plane is 
x=0 0 


Uniplane. 


"Kv atit 


where the equations of the line and plane are shown in the margins. 
195. There is no facultative line; b’=p’=0, t' « 0. 


196. The Hessian surface is X*Y=0, viz. this is the uniplane X — 0, three times, 
and the plane Y —0 through the ray. The complete intersection with the cubic 
surface is made up of X —0, Y —0 (the ray) ten times, and of a residual conie, which 
is the spinode curve; o’ = 2. 

The equations of the spinode conic are Y 20, XW+Z*=0, viz. the plane of the 
conic passes through the ray. Since there is no facultative line, 8 = 0. 
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Reciprocal Surface. 


197. The equation is at once found to be 
27 (2 + 4aw)? — 64w*y = 0. 

The section by the plane w=0 (reciprocal of the Unode) is w=0, z=0 (reciprocal 
of ray) four times. 

There is no nodal curve; b'=0, But there is a cuspidal conic, y — 0, 2* + 4ww = 0. 

The point y=0, z=0, w=0 (reciprocal of the uniplane X —0) is a point which 
must be considered as uniting the singularities B'— 1, x’ = 2. 

I give in an Annex a further investigation in reference to this case of the cubic 
surface. 


Section XXI = 12 — 35,. 


Article Nos. 198 to 201. Equation WXZ+ Y*- 0. 
198. The diagram of the lines and planes is 


Z '0=A 
918 SUVI 


0= 


6x6 


XXI=12- 3B,. | 


L6— 


Planes are dá 


y=0 x . | Common biplane containing 
E A a i the three axes. 


X=0 


Z=0 TE Remaining biplanes, one for 
| . each binode. 


W=0 


S9POUIQ 043 
aruo! qovo soxy 


where the equations of the lines and planes are shown in the margins. 
199. There is no facultative line; p’=b’=0, t'—0. 


200. The Hessian surface is XYZW —0, the common biplane and the other 
biplanes each once. The complete intersection with the surface consists of the axes 
each four times; there is no spinode curve, c — 0; whence also 8'=0. 


C. VI. 57 
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Reciprocal Surface. 
201. This is 27zzw — y? = 0, viz. it is a cubic surface of the form XXI = 12 — 3B. 


There is no nodal curve, b'=0, and no cuspidal curve, c 20. Moreover B'=3. 


Article No. 202. Synopsis for the foregoing sections. 


202. I annex the following synopsis, for the several cases, of the facultative lines 
(or node-couple curve) and of the spinode curve of the cubic surface; also of the 
nodal curve and the cuspidal curve of the reciprocal surface. It is to be observed 
that in designating a curve, for instance, as 18 =4 x 5—2, this means that it is a 
curve of the order 18, the partial intersection of a quartic surface and a quintic 
surface, but without any explanation of the nature of the common curve 2 which 
causes the reduction, viz. without explaining whether this is a conic or a pair of lines, 
and so in other cases; this may be seen by reference to the proper section of the 
Memoir. 


Facultative lines. Nodal eurve. Spinode curve. | Cuspidal curve. 


I pass now to the two cases of cubic scrolls. 
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12=3x4 


I=12 27 27 24=6x4 
11 =12- C, 15 15 12=3x4 18=4x5-2 
III-12- D, 9 9 12=3x4 l6=4x5-4 
IV=12-2C, C 7 10=3x 4-2 12=4x4-2-2 
V=12-B, 7=5+edge twice | 7=5+rec. of edgetwice, 10-3x4-2 12=4x4-4 
rec. of edge tacnodal 
VI=12- B, - €, 3 3 9=3x4-3 10=4x4-4-2 
VII=12-B, 3=2+edge 3=2+rec. of edge, 9 — edge + unicursal 10—rec. of edge + 
rec, of edge is cuspnodal 8-thic unicursal 9-thic, 
rec, of edge is cuspnodal 
VIII-12- 30€, 3 3 6=2x3 6=2x8 
IX=12- 2B, none none 8=4 conics 8=4 conics 
X-12- B,- €, 3—1-redge twice |3=1+rec. of edge twice, | 6=2x8 6=2x3 
rec, of edge is tacnodal 
XI-12- B, 3=edge 3 times 3=rec. of edge 3 times, 6=3 conics 6=3 conics 
rec. of edge is oscnodal 
XII =12- U, 3 3 7 6=2x3 6=2x3 
XIII -12 - B, - 2C; 1 4=2x2, nodal qua- | 4=2x2 quadriquadrie 
driquadric 
XIV-12- B,- C, 1 =edge 1—rec. of edge, 4=3+edge 4—3 -- rec. of edge, 
rec. of edge is cuspnodal rec. of edge is cuspnodal 
XV=12- U, 1 1 4=2x2, nodal qua- | 4=2x2 cuspidal qua- 
driquadric driquadric 
XVI- 12 - 4C, 8 3 none none 
XVII —12 - 25, - C; none none 2— conic 2=conic 
XVII-12- B,-2C, 3=1+edge twice 1+rec. of edge twice, none no 
rec. of edge tacnodal 
XIX =12- B,- C, 3=axis 3 times | 3=ree, of axis 3 times, none none 
rec. of axis osenodal 
XX =12- U; none none 2=conic 2=conic 
XXI=12-3B, none | none none none 
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Article No. 203. Section XXII=5S(1, 1). Equation X*W+ Y*Z — 0. 
203. As’ this is a scroll there is here no question of the 27 lines and 45 planes; 
there is a nodal line X=0, Y 20, (b=1) and a single directrix line, Z = 0, W=0. 


The Hessian surface is X?Y? — 0; the complete intersection with the cubic surface 
is made up of X=0, Y 20 (the nodal line) eight times, and of the lines X=0, Z=0, 
and Y=0, W=0, each twice. 


The reciprocal surface is a?z — y^w — 0; viz. this is a like scroll, XXII=S(1, 1); 
ce 20, b =1. 


Article No. 204. Section XXIII=S(1, 1). Equation X(XW+YZ)+ Y*=0. 
204. This is also a scroll; there is a nodal line X =0, Y — 0, and a single directrix 
line united therewith. 


The Hessian surface is X*=0; the complete intersection with the cubic surface is 
X =0, Y=0 (the nodal line) twelve times. 


The reciprocal surface is w (aw + yz) —220; viz. this is a like scroll, XXIII=S(1, 1); 
c=0, bz 1. 


Annex containing Additional Researches in regard to the case XX —12 — U,; equation 
WX:-t-XZ-4Y:-—0. 


Let the surface be touched by the line (a, b, c, f, y, h), that is, the line the 


equations whereof are 
OOA h, —g, a YX, Y, Z, W)=0. 


| —h, 0, EN 
| 9, — f, 0, C | 
za —b -c, 0! 


Writing the equation in the form cW.cX*+X (cZ)P+c¢Y*=0, and substituting for 
cW, cZ their values in, terms of X, Y, we have 


(IX +fY) eX: + X (aX +bY¥+ ef 0, 
( a@—cg, 2ab+ cf, P, AX, Yy-0, 


that is 


or say 
(3 (a? — cg), 2ab+ of, b, 3 X, Y) =0, 
viz. the condition of contact is obtained by equating to zero the discriminant of the 


cubic function. We have thus 
27c* (a? — cg)? 


+ 40° (a? — cg) 
+ 4c (2ab + cf) 
— Wb (2ab+cf¥ 
— 18b*%* (a? — cg) (2ab + cf ) = 0, 
57 —2 
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viz. this is 

+ 27 atc? 

— T 

+ 30 ab'cf 

— 04 æg 

+ 36 ab*cg 

+ 24 abof? 

+ 40 

= lbf? 

+ 18 efg 

+ 27 ctg? 

+ T =0, 
which is the condition in order that the line (a, b, c, f, g, h) may touch the surface 
Xe-W + XZ?+ Y*=0; and if we unite thereto the conditions that the line shall pass 


through a given point (a, 8, y, 8), we have in effect the equation of the circumscribed 
cone, vertex (a, 8, y, ò). 


Writing (f, g, h, a, b, c) in place of (a, b, c, f, g, h), we obtain 
27 f*h? 
uM di f 
+ 30 f*g*ha, 
— 54 f*h*b 
+ 36 fg?hb 
+ 24 fgh?a? 
+ 4gc 
— lga 
+ 18 g*h?ab 
+ 27 hf? 
+ 4h’a?=0 
as the condition that the line (a, b, c, f, y, h) shall touch the reciprocal surface 
27 (4 vw + Zy -- 64 yw —0; 


and if we consider a, b, c, f, g, h as standing for 


yy — Bz, az — yz, Bu — ay, 6x — aw, 8y — Bw, 62 — yv, 
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values which satisfy the relation 
( 0 kh, —g a Ya 8, y, 8)=0, 
c BB AM 
9, T fF , 0, C 
—a, —b, -c, 0 


then the equation in (a, b, c, f, g, h) is that of the circumscribed cone, vertex 
(a, B, y, 8); the order being (as it should be) a’ = 6. 


The cuspidal conic is y=0, 4«w--2'—0, and we at once obtain a’—4cg=0 as 
the condition that the line (a, b, c, f, g, h) shall pass through the cuspidal cone. 
Hence attributing to (a, b, c, f, y, h) the foregoing values, we have 


a — 4cg= 0 


for the equation of the cone, vertex (a, 8, y, 5), which passes through the cuspidal 
conie; this is of course a quadric cone, c — 2. I proceed to determine the intersections 
of the two cones. 


Representing by @=0 the foregoing equation of the circumscribed cone, and putting 
for shortness 


X = 27h? (f? — bh) — 29° (2f9 + ah), 
I find that we have identically 
O — (f? — bh) X + (g' — 4ah' — 8fgh?) (a? — 4cg) — (32fg^h + 16agh?) (af + bg + ch) =0: 


whence in virtue of the relation af+bg+ch=0, we see that the equations 9 — 0, 
a? — 4cg = 0, are equivalent to 


(f* —bh) X 20, a?— 4cg = 0, 
or the twelve lines of intersection break up into the two systems 
f?—bh=0, a$—4cg = 0, 
and 
(X =) 27k (f*—bh)—2g'(2fg + ah) 20, a*— 4cg =0. 


To determine tue lines in question, observe that we have 


( 0, l h, —49, a Ya, B, Y 8) =0; 
bek& €. £5 


www.rcin.org.pl 


454 A MEMOIR ON CUBIC SURFACES. [412 


and we can by the first three of these express a, b, c linearly in terms of f, g, h; 
the equations f?-—bh=0, a?—4cg —0, 27h*(f*— bh) — 29° (2fg + ah) =0 become thus 
homogeneous equations in (f, y, h); the equations may in fact be written 

& (a? — 4cg) = (y? + 408) g? + BR — 28ygh — 4Bshf = 0, 

ò (f?—bh)= òf? — ah? + yhf = 0, 

òX = 27h? (Sf? — al? + yhf) + 29° (Bh? — ygh — 28f9) = 0, 
viz. interpreting (f, g, h) as coordinates $n plano, the first equation represents a conic, 


the second a pair of lines, and the third a quartic. 


We have identically 
(288f — (y^ + 400) y + Bahi — 48% (Sf? — ah? + yhf) 
= (y + 400) ((y* + 408) g* + Bhe — 28ygh — 4B8hf) ; 
and it thus appears that the two conics touch at the points given by the equations 
of? — ah? + yhf = 0, 
28B0f— (y + 4a8) g + Byh =0: 

we have moreover 

— (y? + 408) (Bh? — ygh — 28f9) = 488 (8f? — ah? + yhf) 

+ (= 28f— yh) [288 — (P + 408) g + By], 


hence at the last-mentioned two points — Bh? + ygh + 28/9 is =0; and the quartic X =0 
thus passes through these two points. 


The conic (a?—cg)=0 and the quartic X =0 intersect besides (as is evident) in 
the point g=0, h=0 reckoning as two points, since it is a node of the quartic; and 
they must consequently intersect in four more points: to obtain these in the most 
simple manner, write for a moment 


Q = — (y + 408) g? + Bh, 
then we have identically 
16/*89* (Èf? — ah? + yhf) — 02 = — [(y* + 448) g* + Eh] + 48g" (yh + 28f y, 
= — ((y* + 448) 9° + Bh? — 28ygh — 2888/5] (^ + 448) g* + Bh? + 28ygh + 4889), 
= — 8 (a? — 4cg) (y^ + 408) g* + B'h + 28ygh + 48879} ; 


and moreover 
28 (Bh? — 28f9 — ygh) — Q = (y? + 408) y? + 8*1? — 2Bygh — 488f9 = 8 (a? — 4cg). 
Hence when a?— 4cg = 0, we have 


x" Q 
Of — F T = agg ple — 287) = 99h = a 
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and substituting these values in the equation X =0, it becomes 


I LIN. 
27h. 1 gag t 99 «9g 7 0 


viz. multiplying by 168%, and omitting the factor Q, this is 


27190 + 1688g* = 0, 
or finally 
1688g* — 27 (y? + 428) Ph? + 27 8*h* — 0, 


a pencil of four lines, each passing through the point g — 0, À -— O0, and therefore inter- 
secting the conic 
(y + 408) 9? + Bk — 28ygh — 488hf=0 


at that point and at one other point; and we have thus four points of intersection, 
which are the required four points. 


Recapitulating, the conic a?—4cgy=0 meets the sextic (f?—bh)X =0 in the two 
points 
[9f?— ah? + yhf = 0, 
| 2B8f (y* + 408) g + Byh =0 
each three times, in the point g — 0, h=0 twice, and in the four points 


16889* — 27 (y? + 4a8) gl? + 27 82 = 0, 
le + 4a0) y? + Bh? — 28ygh — 4Bdhf = 0 


each once. Or reverting to the proper significations of (a, b, c, f, g, h), instead of 
points we have 2 lines each three times, a lime twice, and 4 lines each once; the 
line g=0, h=0, that is, g=0, h=0, a=0, being, it wil be observed, the line 
J=% drawn from a B, y, 9) to the point y=0, 2-0, w=0, which is the 
B y CU. T p y 

reciprocal of the uniplane X =0: the twelve lines are the a’c’ lines of intersection of 
the circumscribed cone C with the cuspidal cone c', viz. a/c' =[ac]+30"+ x’; [ac] =4 
referring to the last-mentioned four lines; o’ =2 to the two lines; and y’=2 to the 
line g=0, h=0, a=0, which it thus appears must in the present case be reckoned 
twice. i 
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